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METHODS IN POINT SETS AND THE THEORY 
OF REAL FUNCTIONS* 


BY HENRY BLUMBERG 


It is known in psychology that in the succession of psycho- 
physiological states there operates a so-called law of “facilitation 
through previous inhibition,” which means that an inhibition 
prepares a reflex or an organic set for more intense activity 
when the inhibition is removed. Thus tensions produced on 
hearing discordant notes in music serve to heighten the aesthetic 
experience following upon the relief of these tensions. Even 
mathematicians are not quite free from this law; and so it hap- 
pens, both in the career of individual mathematicians and in 
the history of the race of mathematicians as a whole, that there 
may be observed a phase in which the major quest, at least from 
one point of view, seems to be one of elaborate complexity of 
pattern, followed by a phase in which the primary concern is 
for directness and a return to elements. These phases, while 
perhaps organically antagonistic, as the psycho-physiological 
law mentioned implies, are, we may suppose, complementary 
in the larger life. 

It is my principal purpose in the present symposium lecture 
to deal with the latter of these two phases, necessarily charac- 
terized by a heightened interest in clearness, intimacy, and 
economy. The lecture will consist almost entirely of illustra- 
tions. These illustrations, chosen for the most part, as is appro- 
priate, from things most familiar to me, will exemplify the 
emergence of method from procedure guided by this heightened 
interest in directness and economy. The illustrations will, how- 
ever, as may be expected, deal not only with this first phase but 
also with the second, where the interest is in elaboration, one 
of our very objects being to indicate the passage from the so- 
called elementary to the so-called involved. 


* An address presented at the invitation of the program committee at a 
Symposium held at the meeting of the Society in Chicago, April 18, 1930. 
This address presupposes only slight technical knowledge on the part of the 
reader, and is, for example, intelligible to mathematicians entirely unfamiliar 
with the theory of point sets. 
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While we shall not here attempt a general formulation of the 
principles of method underlying the series of illustrations to be 
cited, it does appear upon reflection that there are indications 
of processes of research almost automatic in nature. At any 
rate, it cannot be doubted that it is of importance for mathe- 
maticians to be intimately conversant with the processes that 
operate in their research and to be in a position consciously to 
distinguish results that can be obtained almost mechanically 
after a certain intimacy with the available tools from those that 
introduce a notable novum into our science. 

The first illustration, which is familiar to most of us, will 
exemplify what I call the cue of restricted choice; that is to say, 
sometimes we go certain ways because there isn’t much choice. 
Suppose we want to think about classes or sets without par- 
ticularizing the character of the elements, as when we think of 
special sets, for example, of sets of elephants or of points. Can 
we introduce distinctions in unspecialized sets? There does not 
seem to be much choice, and so the solution is not hard to find. 
For since the elements of the sets are in no way to receive special 
definition, we naturally seek possible distinctions in the abstract 
inner nature of a set, that is to say, in the relationship of a set 
to itself. Can we introduce a distinction in sets with reference 
to such an inner relationship? What relationship? The funda- 
mental relationship belonging to the nature of a set is that of 
containing: the set S contains or does not contain an object e. 
The distinction will therefore be made with respect to this rela- 
tionship of containing. Containing what? Since the elements 
are to be unspecified, we haven’t much other choice for the 
“what” than the set itself. And so we are led to two types of 
set: (a) sets that contain themselves, like the class of all 
classes;* and (b) sets that do not contain themselves, like the 
set of integers, or virtually every set the unsophisticated person 
is likely to think of. With this distinction, elaboration leads 
us at once to consider the aggregate of sets of type (a) and the 
aggregate of sets of type (b). Let us call the first aggregate A 
and the second, B. The aggregate A, then, consists of sets S 
such that S contains itself as an element, and B of sets S such 
that S doesn’t contain itself as an element. We ask im- 


* We are not entering, in this naive excursion, upon fine points of rigor. 
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mediately: Is A in A or in B? There seems to be nothing to 
prevent A’s being in A nor its being in B, a curious and sus- 
picion-arousing indeterminancy. Next, how about B? Suppose 
it is in A, then it satisfies the relationship S contains S, that is, 
B contains B; in other words, if B is in A, it is in B. Now 
suppose B is in B, then it has the characteristic property of the 
elements S of B, namely that S does not contain S, hence B 
does not contain B, and therefore B is in A. Thus if B isin B 
it is in A, and if it is in A it is in B, and we are led to a con- 
tradiction with Aristotelian logic. My purpose in repeating this 
familiar paradox is to indicate the almost mechanical way in 
which the course of its origin might be conceived. 

I shall next describe the simple way in which closed* point 
sets and other related sets may be thought of as originating. 
For brevity and simplicity, I shall, generally speaking, confine 
myself to linear sets, as they are in most cases adequate for 
illustrating the train of thought to be presented. Now if a 
linear set C is closed, its complement O with respect to the 
continuum, that is, the set of points of the continuum not be- 
longing to C, is open, by which we mean that every point of O 
lies in an interval all of whose points lie in O. Now let us say 
that an interval has the property Q if it lies entirely in O. Then 
by means of this property Q, we can characterize the sets C and 
O by saying that every point of O is enclosable in an interval 
having property Q, and no point of C is so enclosable. In other 
words, if we define the interval property P as complementary 
to the property Q, by which we mean that to say that J does not 
have the property Q is to say that J has the property P, then, in 
terms of this property P, we can characterize the points of C by 
saying that every interval containing a point of C has the 
property P. It follows conversely, and just about as simply, 
that if P is a given interval property, then the totality of points 
x such that every interval containing x has the property P is a 
closed set. Every interval property thus leads to a closed set 
and every closed set is thus derivable from an interval property. 
This conclusion shows us how al! closed sets are logically de- 
rivable from interval properties, but the mere logical connec- 


* A set is closed if it contains its limit points. The set of points 1/n, (n 
=1,2,- - -), is not closed, but it becomes so if the element 0 is added to the set. 
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tion of ideas or mere logical unifications do not interest us here 
primarily. It happens, however, that the genesis of closed sets 
from interval properties is a natural one. 

Here are some examples: Let S be a given linear set, and let 
I have the property P, in notation J’, if J contains a point of S. 
In this case, the closed set C attached to the property P is the 
set of points x such that every interval containing x has the 
property P, that is, contains points of S. In other words, C 
equals S+ 5S’, where S’ is the derived set (=set of limit points) 
of S. Thus the sum of a set S and its derived set S’ is closed. 
Again, the linear set S being given, let J”, if J contains an in- 
finite number of points of S; then we conclude that S’, the set 
of limit points of S, is closed; or let J”, if it contains a non- 
denumerable subset of S; we then conclude that the set of con- 
densation points* of S is closed. Again, if f(x) is a given 
function, let J”, if the saltus of f in J2 a fixed number k.f 
Therefore, the set of points where the saltus of an arbitrary 
function is greater than or equal to & is a closed set. 

The usual presentation in treatises on point sets or real func- 
tions seems to invite a separate effort of thought, though here 
not very great, of course, in showing that a set of a new type 
is necessarily closed. Here the purpose is shifted to that of list- 
ing interval properties, and on a parallel list we shall have closed 
sets, since for every interval property we are assured of having 
an associated closed set, though of course, some may be of an 
especially trivial or uninteresting sort. 

In building sets of greater and greater complication, we begin 
with the interval, which is the simplest set. Using the processes 
of taking the logical sum and the logical product of sets, and 
the process of taking the complement of a set with respect to 
the continuum, we are led next to consider the sum of a sequence 
of open intervals. Such a sum is apparently an open set. The 
sum of a sequence of open sets is again an open set, so we do not 
go beyond open sets by repeated summation of open intervals. 


* A condensation point of S is a point every neighborhood of which con- 
tains a non-denumerable subset of S. 

t The saltus of f in J is the upper boundary of f in J minus its lower 
boundary in J. The saltus of f at a point é is the limit of f in a variable interval 
enclosing ~ and of infinitesimal length. 
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But we do get a new type of set by taking an infinite product of 
open sets, a] [;O,, which we write more briefly O,. The comple- 
ment of a set of type O, is of type )>°C,, where C, designates a 
closed set, which we similarly shorten to C,. That the comple- 
ment of an O, is a C, follows from simple logic together with the 
fact that the complement of an open set is closed. These two 
new types of set, the O, and the C,, may be thought of as coming 
immediately after the open and the closed sets in the order of 
increasing structural complexity. Now just as every closed set 
C may be regarded as attached to an interval property P, so 
every C, may be attached to a sequence of interval properties 
{P. } ,n=1,2,--- , in the precise sense that C, where 
C, is the closed set attached to the interval property P,. We 
are thus prompted to make a list of sequences of interval proper- 
ties, especially such sequences as will have attached to them 
sets C, of particular interest. Of course, ingenuity may be 
requisite in securing such interesting C,’s, for no general process 
or theorem can of itself lead automatically to its interesting 
implications. Still, it does make a difference whether we con- 
sciously seek such interesting C,’s or just stumble upon them, 
and even excellent mathematicians, in this extremely elemen- 
tary business of the C,’s, seem to have secured results in the 
latter manner, and as a consequence these results were regarded 
as of some complexity. Also, knowing this simple genesis of the 
C,’s, we can without great difficulty add to the interesting C,’s 
mentioned in the literature. 

I will now cite a number of examples of C,’s arising from 
sequences of interval properties. 

Let f(x) be a given real function, and let J”*, if the saltus 
(defined above) of f(x) in I is greater than 1/n. If f(x) is dis- 
continuous at £, there must be an m such that the saltus of f in 
every interval enclosing & is greater than 1/n, that is to say, 
every J containing £ has the property P,; — thus belongs to the 
closed set C, associated with P,, and therefore to the C, at- 
tached to the sequence of properties {P,}. All the points of 
discontinuity of f(x) therefore belong to C,. On the other hand, 
if — belongs to C,, it must belong to some C,, and therefore, 
according to the relationship of interval property and its at- 
tached closed set, every I containing £ has the property P,, 
that is to say, the saltus of f>1/n in every interval containing &, 
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and & is therefore a point of discontinuity of f. We conclude 
that the totality of points of discontinuity of an arbitrary func- 
tion is identical with C,; the set of points of discontinuity of an 
arbitrary function is of type C,. The converse of this result is 
also true, namely, that if S is any given set of type C,, there 
exists a function f(x) which is discontinuous at every point of S 
and continuous at every point outside of S. 

Let f(x), as before, be an arbitrary real function, and let J”, 
if the d-saltus* of f(x) in J is greater than 1/n. By reasoning as 
in the last example of the ordinary sa\tus, we conclude that the 
set of points of an arbitrary functio.. where the d-saltus is differ- 
ent from 0, we may call such points, points of d-discontinuity, 
is of type C,. And the converse follows here also. Similar results 
hold if the negligible set instead of being denumerable, as in the 
case of the d-saltus, is finite, or of Lebesgue measure 0,f and in 
all of these cases, as well as in some others, the converse holds 
also. 

Now, while I shall not speak here of the course of reasoning 
establishing the converse results, I will remark that although to 
the uninitiated, the proofs of the converse propositions may 
possibly appear more involved than the train of thought leading 
to the direct results, yet in fact they call only for a certain skill 
in workmanship which any student can be rather sure of secur- 
ing if he applies himself in certain specific ways. 

Another example of a theorem that emerges from a suitable 
definition of a sequence of interval properties is one that in- 
volves the notion of bounded grade. For instance, for a function 
z=f(x, y) of 2 variables, we understand by the grade correspond- 
ing to 2 points A =(&, n) and B=(x, y) of the xy-plane the ab- 
solute value of the difference of the z’s at A and B divided by the 


* The d-saltus of f(x) in J is the saltus of f in J on the understanding that 
denumerable sets are negligible; that is to say, it is the lower boundary of the 
numbers s(J—D), where s(IJ—D) is the saltus of f in the set J—D, D being an 
arbitrary denumerable subset of J. 

+ The Lebesgue exterior measure of a set S, lying in (a, b), is the lower 
boundary of the length sum of a set of intervals, finite or infinite in number, 
containing all the points of S as interior points; the Lebesgue interior measure 
of S equals b—a minus the exterior measure of the complement of S. If the 
interior measure of S equals the exterior measure of S, this number is the 
measure of S, and S is then said to be measurable. If the interior and exterior 
measures are different, S is non-measurable. 


1930.] POINT SETS AND REAL FUNCTIONS 815 


distance between A and B; and f(x, y) is said to be of bounded 
grade at A, if a constant k exists such that for all points B 
sufficiently near A the grade corresponding to the pair of points 
A and B is less than k. With this notion of bounded grade, we 
can, with the aid of a little elementary geometry, define a 
sequence of properties P,, such that the associated C, is precisely 
the set of points of bounded grade.* And so we have the result 
that the set of points at which an arbitrary real function is of 
bounded grade is of type C,. The converse theorem holds here 
also. 

I turn next to the consideration of existence proofs in the 
more elementary parts of the theory of point sets and real 
functions. There are many methods of proof available for such 
existence theorems, for example, the method of the Dedekind 
cut, or of the Bolzano-Weierstrass theorem, etc., which have 
received attention, for example, in Professor Hildebrandt’s lec- 
ture on The Borel theorem and its generalizations.{ 1 wish here 
to speak only of two of these methods, that of the descending 
interval property and the one based on the inductive principle. 
We say that the interval property P is a descending interval 
property, if it is such that whenever it holds for an in- 
terval J and J is the sum of a finite number of intervals 
I,, (v=1, 2, - - - , m), whether overlapping or not, then it must 
hold for at least one J,. For example, if S is a given infinite set, 
let us say that J?, if J contains an infinite subset of S. This 
property P is then a descending interval property. By means 
of the fundamental theorem of the Dedekind theory that every 
Dedekind cut (A, B) in the system of real numbers has either a 
last in A or a first in B, we can see immediately that if P is a 
descending interval property, and J has the property P (here 
we want J to mean a closed interval) then this property P is 
localized at one point at least of J, localized in the precise sense 
that there exists a point — of J such that every neighborhood 
of — contains an interval J having the property P. Now it can 
be easily shown that all localizable properties can be attached 
to descending interval properties; that is to say, all theorems 


* These properties must now be thought of as referring to the 2-dimensional 
analog of the linear interval; for example, to the set of interior points of circle. 
t This Bulletin, vol. 32 (1926), p. 423. 
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asserting the existence of a point of a certain character can be 
deduced from the fact that a descending interval property hold- 
ing for an interval is necessarily localized at some point of J. 
Again, the interest here is not that of exhibiting logical de- 
ducibility, but rather the genesis of existence theorems from 
interval properties. This time, however, the property is not 
unrestricted. as in the case of the genesis of theorems on closed 
sets, but must be descending, so that we are here invited to 
make a special list of interval properties, the descending in- 
terval properties, knowing that for every property on this list 
we shall have a corresponding existence theorem. For example, 
we have seen that if J? means that J contains an infinite subset 
of a given set S, then J is descending; therefore, if I”, P is 
localized at some point £ of J, that is to say, is a limit point of S. 
In other words, the theorem attached to this particular de- 
scending property is the Bolzano-Weierstrass theorem, that an 
infinite set lying in a closed interval has at least one limit point. 
Again, if f(x) is any given function, let J? if the variation* of f 
in J is infinite. Clearly this is a descending interval property. 
The attached theorem says that if f is of infinite variation in J, 
there is a point £ of J such that f is of infinite variation in every 
interval containing &. Or let S be any linear point set, and let J? 
if S is non-measurable in J; again, P is a descending interval 
property, and we conclude that a non-measurable set has at 
least one point of non-measurability, the meaning of the latter 
term being given by the very process of attaching an existence 
theorem to a descending interval property. 

It seems that even mathematicians working in point sets or 
real-variable theory are not always fully conscious of such a 
natural common genesis of these existence theorems. Indeed, 
occasionally, as for example in a recent volume of the Funda- 
menta Mathematicae, we have an article by a well known 
mathematician containing essentially nothing more than a new 
example of a descending interval property, and one not re- 
motely accessible. And the proof of the theorem which we would 
attach to this descending interval property is given in this 
article in detail. 


* The variation of f in the interval J=(a, 5) is the upper boundary of 
=? |f(x,) for all possible partitions a=xo<x,;<x_ <x,=b of 
(a, 5). 


~ 
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We now come to consider the inductive principle. It does not 
appear to have been remarked in so many words, but it is true 
that the inductive principle holds just as well for a linear order,* 
subject to no further restriction, as for the special orders which 
are called normal, that is to say, orders which, like the set of 
positive integers, have the property that every subset has a first 
element. 

To state the inductive principle for the general linear order 
just defined, we need to know the meaning of segment of a linear 
order. Segment is the abstraction of interval. The subsets S of 
the linear order O is said to be a segment of O, if S is such that 
if a and b are two elements of S and c an element of O between 
a and 3, then c belongs to S. S is said to be an initial segment of 
O if it is such that if b is an element of S, and a an element of O 
preceding B, then a belongs to S. I want to say specifically that 
I shall regard the null set 0, that is to say, the set that has no 
elements at all, as an initial segment of O. We must further- 
more define what we mean by an extension of an initial segment 
S of O. E is said to be an extension of the initial segment 
S(0, 0), if E is a segment of O having at least one element in 
common with S and at least one element in common with C(S), 
the complement of S, that is, the set of elements of O not 
belonging to S.{ If S=0, an extension of S means simply any 
initial segment of S different from 0, and if S=O, an extension 


* A linear order is an abstraction suggested by the particular order of 
points on a straight line. A set O conjoined with a relationship of rank—the 
abstraction of coming before in time or in place or in magnitude—which we 
denote by the curved inequality sign — is said to be a linear order, if the follow- 
ing uniqueness and transitivity properties hold: 

Uniqueness: For every pair of elements a, b of O one and only one of the 
three relationships a=b, b-3a holds. 

Transitivity: If a-~b and b-3c, then a-c. 

Examples of linear order are the set of integers arranged in the order of 
ascending magnitude; the set of real numbers arranged in order of descending 
magnitude; the set of positive integers where the rank relationship is de- 
fined as follows: the integer 1,272, if the number of prime factors of m is 
less than that of m2; and in case the number of prime factors is the same, then 
m2, if m,<m2 in the ordinary sense. The first two orders are not normal, 
that is to say, not every subset has a first element, not even the set itself, but 
the last one is. 

t This form of definition of extension is chosen with reference to its ap- 
plicability to the n-fold order; see below. 
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of S means a final segment of S different from O, final segment 
being defined similarly to initial segment. The inductive princi- 
ple for linear order may now be stated as follows: 

Let O be a given linear order, and P a given property such that 
if S is an initial segment of O for all the elements of which P is 
valid, then there exists an extension E of S such that P is valid for 
all the elements of E; P must then hold for all the elements of O. 
In other words, if we call a property of the character just de- 
scribed an inductive property, then we can say that an inductive 
property necessarily holds for all the elements of O. 

The agreement that a null set shall count as an initial seg- 
ment permits us to characterize the inductive property by 
means of a single mark, instead of two, as is usually done, and 
this, I think, is not an artificial simplification, but one con- 
sonant with the nature of induction. The proof of the inductive 
principle for ordered sets is, of course, not difficult. 

A normally ordered set, as we have said before, is one such 
’ that every subset of it has a first element. In particular, if S is 
an initial segment of a normally ordered set, it is localized by 
an element e of S, namely the first element of O not in S. In 
the case of normally ordered sets, it is therefore appropriate to 
understand by an extension of an initial segment of S merely the 
set consisting of this first element e not in S. The inductive 
principle for normally ordered sets therefore takes the form: If 
the validity of a property P for the elements preceding e, what- 
ever e may be, implies its validity for e, then P holds for every 
element of O. 

If O is the set of points in the linear interval (a, 6), then an 
initial segment S of O is always localized in the sense that there 
is a last element in S or a first element outside of S. The in- 
ductive principle for a linear interval (a, b) then takes the 
following special form: If the validity of a property P for all 
the elements <£ of (a, b) implies its validity for the elements 
of some interval containing £ as an interior point, then P holds 
for all the elements of (a, b). For example, the Borel covering 
theorem, which also is essentially an existence theorem, is 
an immediate corollary of this special form of the inductive 
principle. 

One can therefore list existence theorems of the type here con- 
sidered either by listing descending interval properties or in- 
ductive point properties. 
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The question comes up: Can the inductive principle be ap- 
plied to n-dimensional space? Or to put it more generally, 
to an n-fold order? By an n-fold order is understood a system 
of abstract “points” in which a point e is given by m coordinates, 


e=(€1, but the coordinates are not necessarily 
magnitudes in the ordinary sense, but elements in 7 given linear 
orders, Oi, O2,---,0O,. The way the inductive principle can 


be extended to an n-fold order is as follows. I shall, for sim- 
plicity, speak of the double order. The orders O, and Oz, 
are, then, any two given linear orders, and the double order 
O=(0;, O2) consists of all pairs (e:, e2), where e; belongs to Ou, 
and e, to Oz. By an initial segment of O we understand a double 
order S=(S,, S2), where S; is an initial segment of O,, and S» 
an initial segment of O2, and by an extension of S we mean the 
double order (Fi, E,), where E; is an extension of S;, and E, of 
S2. With these definitions of initial segment and extension for 
the double order, the inductive principle, as stated before for 
the linear order, takes on definite meaning for the double order, 
and as so stated, is correct, though the patterning of the proof 
that seems requisite is somewhat more elaborate than in the 
case of the linear order. ; 

Mathematical induction, then, is simpler and more powerful 
than is generally supposed. 

An Xo-fold order is one in which the elements e have No co- 
ordinates ¢1, é, - - - , belonging respectively to No linear orders 
O:, Oo, -- +. In the time in which I have had opportunity to 
reflect upon the problem of the inductive principle for the 
No-fold order, I have not found for it a satisfactory, valid form. 

I now return to the consideration of the descending interval 
property, and will indicate how a natural elaboration of the 
idea contained in it leads to results of an apparently consider- 
able degree of sophistication, results which, however, are in 
reality not far removed in thought process from such simple 
things as we have so far considered. 

Suppose we try to extend the Bolzano-Weierstrass theorem 
to function space, where by function space we understand here 
the ensemble of real, continuous functions defined in an interval 
(a, b). This ensemble by itself does not define a space, since by 
space we mean more than a mere class of elements, the word 
space implying an interconnection between the elements. One 
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way of introducing such an interconnection in function space 
is to define the distance between two points of function space, 
that is to say, the distance between two continuous functions 
fi(x) and fe(x). There are various ways of doing this, but sup- 
pose we adopt the following definition: The distance between 
fix) and f(x) is max |f,(x) —fe(x) | as x ranges over (a, b). In 
terms of distance, we can define the sphere in function space 
naving c(x) as center and r as radius as the set of points f(x) 
whose distance from c(x) is <r. Sphere thus signifies interior 
of a sphere. In terms of distance we can also define limit point 
of a set: f(x) is said to be a limit point of S if every sphere con- 
taining f(x) contains an infinite number of points of S; sphere 
thus takes the place of interval in the linear case. Now to extend 
the Bolzano-Weierstrass theorem to function space is to ask un- 
der what general conditions an infinite set S has a limit point. In 
the linear case, the only condition attached to S is that S be 
bounded, and clearly the Bolzano-Weierstrass theorem be- 
comes false if this condition is dropped. This condition of 
boundedness is surely necessary also in the case of function 
space, that is to say, S must be, as we say, uniformly bounded, 
which means that there is a fixed constant k such that |f(x)|<k 
for all f’s of S and all x’s of (a, b). Is this condition of uniform 
boundedness also sufficient? Clearly not, as the example 
(a, b)=(0, 1), S= {alin} n=1,2,---, shows. 

Let us examine the simplest case of a subset S of function 
space which does possess a limit point, namely the case of a 
sequence of functions f,(x) having only a single limit point f(x). 
Every sphere containing f(x) contains all but a finite number of 
the f,(x). Let R be a sphere with center f(x) and radius e. Then 
if (a, B) is a subinterval of (a, b), the saltus in (a, B) of every 
fn(x) which lies in R cannot exceed the saltus of f(x) in (a, 8) 
by more than 2e; and since outside of R we have only a finite 
number of elements of S, we conclude from the fact that a con- 
tinuous function defined in a closed interval is uniformly con- 
tinuous, that the set S is equicontinuous. This means that 
for every e>0, there exists a 6>0 such that | fn (21) —fn(x2) | <e 
for all m’s and for all pairs of numbers x, x2 such that 
|x; —x2|<6. Now upon slight reflection it can be seen that if 
S is any given infinite subset of function space, instead of just 
a sequence of functions with a unique limit, then, though S is 
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restricted to being uniformly bounded, there will always be 
infinite subsets of it without limit points unless this condition 
of equicontinuity is imposed, equicontinuity really signifying 
nothing more than another type of boundedness. It can be 
shown that the method of the descending interval property, 
for example, can be readily extended to function space as we 
have defined it; and by means of this method, we can prove 
that if S is an infinite set of points of function space subject to 
the two boundedness conditions, namely uniform boundedness 
and equicontinuity, then S necessarily has a limit point. And 
the argument is similar to the one for the Bolzano-Weierstrass 
theorem. Following this direction of elaboration, we can go on 
to measurable functions,* for example.t The distance between 
two measurable functions fi(x) and f2(x) may then be defined 
according to the following rough idea: The two functions are 
not far away from one another if they do not differ much from 
each other except possibly in a set of slight measure. This rough 
idea when rigorously stated takes the following form: Let p bea 
number such that |f,(x) —fe(x) | <p except in a set of measure 
<p; p may then be regarded as an upper estimate for the dis- 
tance between f; and fe. Then if d is the lower boundary of all 
such p’s, d is the distance between f; and fo. With this definition 
of distance between two measurable functions, the convergence 
of the sequence of measurable functions f,(x) to the function 
f(x) may be seen to mean what is usually termed convergence 
on the average. Now the analogy with continuous functions 
readily shows us how to extend, in a natural manner, the notions 
of uniform boundedness and equicontinuity to this space of 
measurable functions. The method of the descending interval 
property is valid, and by means of it the Bolzano-Weierstrass 
theorem can be proved. 

Lastly, in the matter of existence theorems, I may mention 
that the line of elaboration here sketched carries through, in a 


* f(x) is said to be measurable, if for every real number k, the set Eps, 
which is the set of x’s such that f(x)>k, is measurable. It follows that the 
sets Ey>t, Ey <k, Excs<t, Exss<i, wherel is also an arbitrary real number, are 
measurable. 

+ See Fréchet, Sur les ensembles compacts de fonctions mésurables, Funda- 
menta Mathematicae, vol. 9(1927), p. 25, 
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certain sense, to a space consisting of functions which are en- 
tirely unconditioned, this by means of a general method for 
such extensions which I shall speak of at the close of the lecture. 

I shall now speak of a theorem on unrestricted functions of 
two variables which yields a theorem on arbitrary functions of 
one variable every time we are given an interval function, that 
is to say, a relation which attaches to every interval a number, 
like the saltus of a given function in an interval J. Let, then, 
z=f(x, y) be a given real function of two variables, and s any 
straight line in the xy-plane,—I am taking the simplest case. 
Suppose we consider the behavior of f(x, y) as (x, y) approaches 
s from the same side of s along two given directions d;4d2. If 
P is a point of s, we denote by up, the lim sup f(x, y) as (x, y) 
approaches P along d; similarly /p, will denote the lim inf f(x, y) 
as (x, y) approaches P along d. Now suppose P is a point of s 
such that /pa, =k, where k is a given number; then there is a 
segment Q,P having the direction d, such that f(x, y)>k—1/n 
at all points of Q,P. From Q, draw Q,R, in the direction d: 
meeting sin R,. Let us say that a point V of s has the character 
(k, n) if we can find a point U at distance <1/n from it such 
that UV has the direction d2 and f(x, y)>k—1i/n at U. Clearly 
if Q,P is taken small enough—and to have the functional value 
at all the points of it >k—1/n we can take it as small as we 
please—every point in the closed interval PR, except possibly 
P will have the character (k, 2). Now a point V of s which has 
the character (k, m) for all positive integers m is a point such 
that as near it as we please we can find a U, with UV in the 
direction d2, such that f>k—1/n at U. This means that uwya,2k. 
There is a theorem of Young—proved almost immediately from 
the fact that the linear continuum contains a set, namely that 
of the rational numbers, which is denumerable and dense in it— 
which goes as follows: Let J= {7} be a given set of closed in- 
tervals lying on a straight line; and e such that it is an end point 
of at least one J of J, but an interior point of no I of J. Then the 
totality of such points e is at most denumerable. We have re- 
marked before that if Q,P is small enough, every point of PR, 
with the possible exception of the end point P is of character 
(k, n). By looking into the situation a bit more, we can, with 
the aid of this theorem of Young, arrive at the following con- 
clusion: If k is a given number, then the points P of s such that 
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lpa,2k and upa,<k constitute a set which is at most denumer- 
able. Another easy step, depending again upon the denumer- 
ability and denseness of the rational numbers, and we come to 
the following theorem:* Let z=f(x, y) be a given arbitrary 
function of two variables; s any straight line in the (x, y) plane; 
and d; and d2 two directions of approach to s from the same 
side of it. Then for every point P of s, with the possible excep- 
tion of a denumerable number, we have upa,2/pa,._ In other. 
words, if we call the pair of numbers (/pa, wpa) the interval of 
approach of f(x, y) at P along the direction d, then our result 
can be stated in this way: At every point of s, with the possible 
exception of a denumerable set, the interval of approach along 
d, overlaps or abuts the interval of approach along dz. I shall 
call this result the theorem on approach. Clearly this theorem 
becomes false if d; and dz are taken on different sides of s, for 
then d,; does not cross dz, and it is precisely on the crossing of 
two different directions on the same side of a line that the valid- 
ity of the theorem on approach depends. 

The theorem on approach is exhaustive in a certain sense, 
but I shall not stop here to explain this further. 

Now suppose, in particular, the straight line s is the 45° line 
of the xy-plane; and f(x, y) is a symmetric function in its argu- 
ments. Then as far as the functional values of f(x, y) are con- 
cerned, it is the same to approach s vertically downward as to 
approach it horizontally to the left. The upshot of this fact is 
the following corollary of the theorem on approach: If f(x, y) 
is a given symmetric function, then for all x, with the possible 
exception of a denumerable set, we have lim sup f(x, x+0)2 
lim inf f(x, x #0). 

Now to have a symmetric function f(x, y) is to have a function 
of an interval I=(x, y), if we only understand, as is natural, 
that the interval (y, x) is not different from the interval (x, y), 
so that this corollary of the theorem on approach yields a 
theorem for every interval function. Again we are invited to 
make a list,—this time of interval functions—and in a natural 
way, we rediscover a variety of results which have appeared 
from time to time in the literature without revealing a common 


* See Fundamenta Mathematicae, vol. 16 (1930), p. 17. 
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origin, and we also obtain new applications of interest. I shall 
give some examples. 

If the symmetric function of our corollary is the difference 
quotient (f(x) —f(y))/(x«—y), we obtain the theorem of G. C. 
Young, that the upper right (left) derivative of an arbitrary 
function is greater than or equal to the lower left (right) deriva- 
tive except possibly at a denumerable number of points. 

Another illustration. Let f(x) be a given real function. If 
(€, n) is a real interval, and p and g two real numbers such that 
b>q, let u(f; —, n; p, g) represent the upper boundary in (€, ) 
of those values of f(x) that lie between p and g. By using this 
function of the interval (€, 7) for all possible pairs of rational 
numbers p>g, we arrive at the following theorem of W. H. 
Young. 

If f(x) is an arbitrary real function, then there exists a set D, 
which is at most denumerable, such that if £ is a point not in D, 
every point in the (x, y) plane on the line x = £ which is a limit 
of the points of the curve y=f(x) from the right (left) is also 
a limit of these curve points from the left (right). 

We can readily obtain, from our point of view, interesting 
extensions of this theorem of Young. 

One other example. Let (£, 7) and (p, g) have the same mean- 
ing as in the preceding example, and let 7 be a real number 
between 0 and 1. By u(f; &, n; p, g; 7) we understand the upper 
boundary of the same set of points as before, except that now, 
in computing this upper boundary, we are privileged to neglect 
any subset in the interval (£, 1) which is of relative exterior 
measure <r; that is to say, we may neglect a set of Lebesgue 
exterior measure <r(n—&); u(f; £, n; p, g; 7) is thus, to be more 
accurate, the lower boundary of the set of upper boundaries 
corresponding to all possible such negligible subsets of exterior 
measure <7(y—£). By considering this function of the interval 
(£, ») for all possible pairs of rational numbers p<gq, and for r 
varying and approaching 0, we secure a series of theorems for 
unrestricted functions, one of which is a theorem due to 
Kempisty. For its statement we need to know the meaning of 
upper metric limit and lower metric limit of a function f(x) at 
the right or left of a point £. By the upper metric limit of f(x) 
at the right of £, we mean the lower boundary of all numbers a 
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such that the (exterior) metric density* of the set of x’s for 
which x >£ and f(x) >a [we denote this set by E(x >£&; f(x) >a)] 
is 0 at £; similarly, the lower metric limit at the right of & is 
the upper boundary of all numbers a such that the (exterior) 
metric density of the set E(x >£; f(x) <a) is 0 at £; and in the 
same way, we define the upper metric limit and lower metric 
limit at the left of & The theorem of Kempisty may now be 
stated as follows: For every real function, the upper metric 
limit at the right (left) is greater than or equal to the lower 
metric limit at the left (right) except possibly at a denumerable 
number of points. 

I shall next speak of certain properties of real functions which 
can be obtained, according to a definite procedure, from certain 
properties of linear sets. I shall take first a simple example for 
which the reasoning can be presented, I think, even in such a 
lecture as this without burdening the listeners. Suppose S is 
any given linear set. Then we shall say that a point x of S is 
densely approached by S, if there is an interval J containing 
x in which S is dense.f Iv is easy to see that those points of S 
which are not densely approached by S constitute a nowhere 
dense set.{ For suppose N is this subset of points of S at which 
we do not have dense approach. A fortiori, then, no point of N is 
densely approached by N;; that is to say, there is no interval I 
containing a point of N in which N is dense, in other words, 
every interval containing a point of N contains a subinterval 
in which there are no points of N, which amounts to saying 
that N is a nowhere dense set. Now obviously, the sum of a 
sequence of nowhere dense sets need not be nowhere dense. 
But in the sequel we shall be interested only in such types 7 of 
set that if Si, S:,---,5S,,--- is a sequence of sets of type 7, 
then the sum of the sequence must also be of type r.§ The type 
of nowhere dense set therefore does not suit our present purpose. 


* The (exterior) metric density of a set S at a point x is the limit (if it 
exists) of m,.(SI)/l, where m.(SI) means the exterior Lebesgue measure of 
the set of points common to S and J, as the interval J, containing x, varies 
in any manner with its length / infinitesimal. 

t Sis dense in J if every subinterval of J contains points of S. 

t S is nowhere dense in the continuum if there is no interval in which 
it is dense; that is, every interval contains a subinterval having no points of S. 

§ A more general formulation can be made in which this property is not 
required. 
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However, we can help ourselves if we define an exhaustible 
set as a set which is representable as the sum of a sequence of 
nowhere dense sets. It then follows from the fact that a double 
sequence can be rearranged as a single sequence, that the sum 
of a sequence of exhaustible sets is exhaustible. I will remark 
in passing that an exhaustible set acts like a set poor in elements, 
in the descriptive, that is to say, non-metric portion of the 
theory of point sets. An exhaustible set never exhausts the 
continuum, that is to say, the complement of an exhaustible set 
is not empty. In fact the complement of an exhaustible set is 
itself not exhaustible; and it is easy to show this, but I shall 
not stop to do so. 

Returning now to the given linear set S, we have seen that 
the points of S which are not densely approached by S con- 
stitute a set which is nowhere dense. We can now say that 
these points constitute a set which is exhaustible, and this is 
exactly what we want to say, because exhaustibility reproduces 
itself upon infinite summation. 

This property of every linear set S, namely the exhaustibility 
of the set of points of S at which the approach is not dense, we 
shall now utilize to derive a property of an unrestricted func- 
tion. We shall say that the point (£, f(£)) is densely approached 
by the curve y=f(x), or that the approach of f(x) is dense at &, 
if for every pair of real numbers k, / such that k <f(£) </, the 
set E.-s-; has dense approach at &. Evidently, in the definition 
of dense approach of a function at a point, we may confine 
ourselves entirely to rational numbers k,/. We then have, in 
all, only adenumerable number of sets E,..;-1 to deal with, and 
since each of these linear sets has dense approach at all of its 
points except possibly at the points of an exhaustible set, and 
since there are in all only a denumerable number of such linear 
sets, we conclude that the totality of exceptional points is the 
sum of a sequence of exhaustible sets and therefore itself ex- 
haustible. This yields the following theorem. 

An arbitrary function has dense approach everywhere except 
possibly at the points of an exhaustible set. 

The converse result, as may be briefly shown, holds also; that 
is tosay, if E is an arbitrarily given, exhaustible set, a function 
exists which does not have dense approach at the points of E 
but has dense approach at every point of the complement of E. 
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Now underlying the method we have here sketched for ob- 
taining the theorem on general functions concerning dense ap- 
proach, there is a procedure for passing from properties of sets 
to properties of functions. We may formulate this procedure, 
in one aspect, as follows: let R be a relationship of a set S to 
a point x of it of such a sort that if S is any given set, then S has 
the relationship R to every point of it with the possible excep- 
tion of a set E of type r. Moreover, we assume that the sum of 
a sequence of sets of type 7, is of type 7, and additionally, that a 
subset of a set of typeris of type 7. Then with this relationship 
R we associate as follows a relationship R’ of a function f(x) 
to a point &. We say f(x) has the relationship R’ to € if for all 
k <f(&) <I the set has the relationship R to With this 
understanding, we can say that f(x) has the relationship R’ to 
x at all points x with the exception of a set of points of type r. 

From this point of view we derive such results as the follow- 
ing: 

An arbitrary function is inexhaustibly approached, in a 
sense that can be readily surmised, everywhere except possibly 
at the points of an exhaustible set. 

An arbitrary function is quasi-continuous almost every- 
where,* that is to say, everywhere except possibly in a set of 
Lebesgue measure zero. 

This result can be directly extended to many-valued func- 
tions. We may, indeed, allow f(x) to take on k, values at x, 
this number k, being any number between 1 and c, the cardinal 
number of the continuum, and varying with x in any manner. 
If f(x) is such an arbitrary, many-valued function, then there 
exists a set Z of Lebesgue measure zero such that if £ is a point 
not belonging to Z, and (&, f(£)) is any one of the points of the 
curve y=f(x) on the line x =&, then y=f(x) is quasi-continuous 
at 

Going on a step from this point, we can reach the following 
result, but we must first explain what we mean by positive 
approach and full approach of a curve y=f(x) at a point (£, 7), 
which, this time, may or may not belong to the curve itself. 
The curve y=f(x) is said to approach the point (£, 7) positively 


* The function f is quasi-continuous at £, if the set Ex <y<1is, for every pair 
of real numbers k <f(é) </, of exterior metric density 1 at £. 
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if for every k <n the set Exc not of metric density 0 at &; 
and the approach is full at (£, 7) if for every k << <1 the metric 
density of Exes<: equals 1. Then we can state the following 
theorem. For every function f(x), the points & of the sort that 
there is even a single 7 such that (&, 7) is positively but not 
fully approached by the curve y =f(x) constitute a set of meas- 
ure zero. 

I shall speak lastly of a theorem that enables us in various 
interesting cases to derive properties of unrestricted functions 
from properties of measurable functions; and since measurable 
functions are in certain essential respects not far removed from 
continuous functions, we thus have a challenge, every time a 
property of continuous functions is presented, to extend it to 
arbitrary functions. 

The theorem I have in mind may be formulated as follows. 
If f(x) is any given function, there exist two measurable functions 
m,(x) and me2(x) such that the set of points x for which f(x) <m,(x) 
is of measure zero; likewise the set of points x for which f(x) >me(x) 
is of measure zero. Moreover, at every point of both y=my,(x) and 
y=m-(x), with the exception of a set of measure zero, the metric 
approach of y =f(x) is full. 

We shall call the functions m,(x) and m2(x) the measurable 
boundaries of f(x); and the theorem just stated we shall call the 
theorem on the measurable boundaries. 

More can be said, in a similar sense, concerning the nature 
of f(x) between its measurable boundaries, but I shall not stop 
for this here. 

The theorem on the measurable boundaries gives us much 
insight into the structure of an arbitrary function, and it is for 
this reason that it is of considerable utility. For instance, there 
is a theorem of Vitali which says that every measurable function 
is equal to a function of class two except at points of a set of 
measure 0.* This theorem has been generalized to arbitrary 
functions by Sierpifski and Saks} by an argument of some 
length. By means of the theorem on the measurable boundaries, 


* A continuous function is of class zero; if f is not continuous but the limit 
of a sequence of continuous functions, it is of class one; if not of class one, but 
the limit of a sequence of functions of class one, it is of class two; and so on. 
+ Fundamenta Mathematicae, vol. 11 (1928), p. 105. 
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we can derive this generalization of Vitali’s theorem almost at a 
glance. Also the theorem of Bolzano-Weierstrass generalizes in 
this way, under a certain form, to unconditioned functions. 
Another example is that of the rather exhaustive results of 
Denjoy on derivatives, first proved for continuous functions, 
and later extended by G. C. Young to measurable functions. 
When these results of Denjoy are extended to unrestricted func- 
tions, we secure a result of apparently great profundity but 
really not as enormously removed, as one might from the out- 
side suppose, from simple things. This result may be stated as 
follows: At every point P=(é, f(£)) of an arbitrary curve 
y=f(x), with the exception of a set of £’s of measure zero, the 
directions of approach to P along the curve lie either in a 0° 
angle—case of the existence of the derivative; or in an angle of 
180°, but not less; or in an angle of 360°, but not less.* 

I will remark in closing that there are ways of search in 
mathematics very different from those indicated in the present 
lecture. For example, an eminent mathematician once told me 
that he had obtained nearly all of his important results “at the 
point of the pen,” as he put it; that is to say, not by persever- 
ingly seeking a conceptual envisagement of utmost simplicity, 
but, as it were, allowing his mathematico-psychophysiological 
set to determine the course of action of his brain and hand, just 
as musical compositions have been sometimes created. Most 
of the time, he said, nonsense resulted, but now and then he was 
guided to beautiful things. 

There are no a priori reasons for assuming that there are not 
still other quite different modes of search; there are, indeed, 
positive indications of such. 

This lecture was concerned with the mode in which discursive 
thinking by means of concepts attains its end in mathematics. 
A similar analysis, not without promise, is conceivable for the 
mode that operates “at the point of the pen,” and for the study 
of this mode, access to private notes would be invaluable. 

Surely illustrations of method similar to those here selected 
can be found in other mathematical fields. To become aware of 


* See S. Saks, Sur les nombres dérivés des fonctions, Fundamenta Mathe- 
maticae, vol. 5 (1924), p. 98, where the extension of Denjoy’s results to arbi- 
trary functions is made by means of an independent course of reasoning. 
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these methods is, of course, not in itself an end, but a means 
toward increasing one’s agility in the use of processes, and per- 
haps even a guide toward new possible modes of search. To 
achieve such consciousness of process should be of particular 
interest to those just entering upon the serious pursuit of our 
fascinating science. In this connection, it may be helpful to 
reflect that the embarrassment which mathematics produces in 
certain quarters comes rather from the extensiveness of its 
domain than from the inherent difficulty of its processes. 

The present study points to the possibility of higher unifica- 
tions in mathematics from the point of view of process rather 
than content or logical concept; in other words, unifications not 
from the point of view of conceptual structure but from the 
point of view of a behavioristic psychology. 


STATE UNIVERSITY 
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DISCONTINUOUS SOLUTIONS IN THE CALCULUS 
OF VARIATIONS* 


BY L. M. GRAVES 


1. Introduction. By a discontinuous solution in a calculus of 
variations problem is meant an extremizing arc having one or 
more corners, that is, the derivatives of the functions defining 
the arc have one or more ordinary discontinuities. Such dis- 
continuities may occur when the extremizing curve is required 
to have a point in common with the boundary of the region 
where admissible curves must lie, or when the integrand func- 
tion is discontinuous. These and other cases will be discussed 
later. But I wish to take up first the case when the function to 
be minimized (or maximized) is a simple integral of the form 


te 
J= f F(x, x’, y’)dt, 
where the integrand F has the usual continuity properties, and 
the minimizing curve is wholly interior to the region of admissi- 
ble curves. When the problem is not regular, corners are very 
likely to occur on the minimizing arc, even when the two end- 
points can be joined by an extremal without corners. This 
depends on the behavior of the Weierstrass €-function, as will 
be seen later. Examples are F=(a x"+2 x'y’+c y’)!?2, 
where the quadratic form is positive definite and the coefficients 
a, b, c are properly chosen functions of x, y, x’, y’; and, for 
a non-parametric problem, f=y”(y’—@(x, y)), where @ is 
positive. 

2. The Minimizing Curve is Interior to the Region of Admis- 
stble Curves. The first additional necessary conditions on a 
minimizing arc with corners are the Weierstrass-Erdmann cor- 
ner conditions, which state that F, and F, must be continuous 
along that arc. These conditions were given by Weierstrass 
in 1865.¢ For the non-parametric problem, the two functions 


* An address presented at the invitation at the program committee at the 
meeting of the Society in Ann Arbor, November 29, 1929. 

Tt (51), vol. 7, pp. 109, 250. The numbers in parentheses in foot notes refer 
throughout to the bibliographical list at the end. 
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F.,, Fy are to be replaced by f—y’fy, fy, and the conditions 
were given by Erdmann in 1876.* Todhunter obtained the 
continuity of f, in the special case when f depends only on 
y’, in 1871.4 

Nothing more of note was done about discontinuous solu- 
tions in the case we are considering until the dissertation of 
Carathéodory in 1904.{ It seems to have been the fashion to 
restrict attention to regular problems, in which corners cannot 
occur. Carathéodory pointed out the unwisdom of excluding 
from consideration such a large class as the non-regular prob- 
lems. He also proved a theorem which shows why corners are 
likely to occur on a minimizing arc. Consider an extremal arc 
E along which 


(1) E(x, y, cos @, sin 8, cos 8, sin 8) > 0 


whenever the direction @ is different from the direction @ of 
the extremal. Suppose we extend E until a point Po is reached 
at which this property fails to hold. Then, in general, a corner is 
possible at Po, and the second extremal arc in the new direction 
will also satisfy the condition (1) of Weierstrass except at the 
initial point Po. Furthermore, if we proceed past the point 
P, on the original extremal E, there will be directions 6 for 
which the Weierstrass function € is negative. 

The extension of the Jacobi condition to discontinuous solu- 
tions is somewhat complicated. i shall outline the principal 
facts in the non-singular plane case,§ and then point out 
briefly the contributions of Carathéodory, Bolza, Dresden, and 
Graves to the theory 

Consider a minimizing arc having a single corner, and hence 
composed of two arcs of extremals, E~ and Et. If @~ isa one- 
parameter family of extremals containing E-, then in general a 
complementary family ¢+ containing E+ and a corner curve C 
are determined, such that extremal arcs of the two families 
may be pieced together to form broken extremals or extrema- 
loids, with corners on C and satisfying the corner conditions. 
The slope of the corner curve C at the point P» where E~ joins 


*(). 

T (48), pp. 2, 3. 

t (2). 

§ See Bolza (54), pp. 372-388. 
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Et, the focal point Q- of the family ¢- on E-, and the focal 
point Q+ of the family ¢+ on E+ are intimately related. In fact 
when one of the three is given the other two are uniquely deter- 
mined. Moreover, as the point Q- moves toward P» from the 
point P,~ conjugate to Py on E-, the tangent to the corner 
curve rotates always in one direction through 180°, starting 
from a position of tangency to E~. The position of Q- corre- 
sponding to tangency of the corner curve to E+ we denote by 
T-. At the same time the point Q+ moves from an initial posi- 
tion 7+ out toward the point Po*+ conjugate to Py on Et, and 
then as Q- moves from T~ to Po, Qt moves from Po» to Tt. 
Necessary conditions for a minimum are: (1) that the first end- 
point, P;=Q-, shall follow T-, and (2) that the second end-point 
P, shall precede the point Q*+ conjugate (in the new sense) to Q-. 

Carathéodory* in his dissertation showed how to construct 
families of extremaloids,{ discovered the points we have denoted 
by T- and T+, and knew the relative motion of the two focal 
points Q- and Q+ and the tangent to the corner curve. Then 
he proved the second of the necessary conditions mentioned 
above quite simply by means of the extension of the Kneser 
envelope theorem. He seemed to realize also (though he gave 
no proof) that the corner curve must cross the extremaloid at 
the corner. Now this in view of the other conditions is equiva- 
lent to the first condition, as Dresden’s work showed. Bolzat 
clarified some details of the situation and gave an analytic 
proof regarding the motion of the points Q- and Q* and the 
tangent to the corner curve. Finally in the same year Dresden§ 
showed that the minimizing property of an arc with a corner 
stops at the points J— and Tt. 

Consider now the one-parameter family of extremals passing 
through the poirit P;, and the complementary family which 
contains the arc E+. These two families make up a one-param- 
eter family of extremaloids whose equations may be written 
x=x(t,a),y=y(t,a). If D(t) denotes the determinant 
evaluated along the extremaloid E, then the condition (1) given 
above is equivalent to (1a) D(t) does not vanish nor change sign 


¢ See Rider (10), Sakellariou (11), (12). 
t (4). 

§ (5), pp. 480 ff. 
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at the corner, while (2) is equivalent to (2a) D(t) does not vanish 
between the ends of the minimizing arc. In my recent paper* I 
have proved the two conditions in this form simultaneously by 
means of the second variation. Space forbids going into details 
here. Suffice it to say that it seems to be necessary to cast the 
problem in parametric form in order to get an effective exten- 
sion of the Jacobi condition by means of the second variation. 
I have also given a direct proof for the condition (1a) by a dif- 
ferentiation method. Both of my methods have the advantage 
of extending unchanged to the problem in m dimensions. 
Moreover, several corners cause no additional complication 
in the statement of the conditions (la) and (2a). For the 
Lagrange problem analogous conditions have been derived by 
means of the second variation in a partially completed disser- 
tation by Hefner.f 

Both Bolzaft and Graves have given sufficient conditions for 
a minimum. The latter has shown in this connection that if the 
Weierstrass function € is positive along an extremaloid, then 
in general it remains positive on neighboring extremaloids of a 
family.§ 

In 1923 Razmadzé{ obtained Dresden’s condition relative to 
the points 7- and T+ of Carathéodory by a different method. 
He gives the following geometric interpretation of the point 7J-. 
Produce the second arc E* of the extremaloid P,P oP2 backward 
to S. Construct a family of extremals containing the first arc 
E~, such that each extremal of the family cuts the arc SPoP2 
at an angle reducing the Weierstrass function € to zero. Then 
the focal point of this family on the arc E~ is the point T~ of 
Carathéodory. On the basis of this construction, Razmadzé 
gives a direct proof of the condition that the first end-point P, 
must not precede the point 7-. 

There is a function Q=x’-F,++y’-F,*+—x'+F,—y'tF,~ 
which Dresden|| proved to have an intimate relation with the 
Weierstrass function €, and which is a factor of the functional 


* (8). 
T (9). 
t (54), pp. 381 ff. 
§ Graves (8), p. 11, Lemma 5.6 
q (7). 
See (5), p. 485. 
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determinant involved in securing the family of extremals ¢+ 
complementary to a given family ¢~. A considerable part of the 
foregoing discussion depends on the assumption that 20 at 
the corners. In 1913 Carathéodory* treated the relation be- 
tween € and © for the case when 2 vanishes. On the basis of 
this paper he promised further developments, which I have 
not seen in print. The case when {2 vanishes identically was 
discussed in the dissertation.{ The location of the corners is 
then undetermined, and extremaloids joining the two end- 
points may be put together in infinitely many ways. Dresden 
obtained the necessary conditions (1) and (2) even in case 
Q=0, except that (1) is proved only in the weaker form: P; 
does not precede T-. 

Carathéodory also treated isoperimetric problems in his 
dissertation, paying special attention to the case when both 
integrals have the same extremals without their Euler equa- 
tions being identical. His results are not complete. He lays 
emphasis on this case as being one in which corners must occur. 

In his 1906 paper{ Carathéodory considers the Minimum 
im Kleinen for positive definite but non-regular problems. 
Consider a bounded closed region in which the integrand F 
is everywhere positive, and from each point of which there 
issues a family of extremaloids or broken extremals satisfying 
the condition (i) except at the corners. Then there is a con- 
stant p such that the circle with center at a point P and radius 
p is simply covered by the family of extremaloids issuing from 
P. Carathéodory states that with this as a basis, Hilbert’s 
existence proof for the absolute minimum can be carried 
through under less restrictive hypotheses, but the details have 
not to my knowledge appeared in print. 

In the discussion so far, it has been supposed that the deriva- 
tives of the functions defining the minimizing curve had at 
most a finite number of ordinary discontinuities. The case 
when there are infinitely many discontinuities has not been 
satisfactorily treated. In 1901 Whittemore§ obtained the du 
Bois-Reymond equations 


* (6) 

+ (2). See also Bolza (54), p. 388. 
t (3). 

§ (13). 


836 L. M. GRAVES [Dec., 


w= f 


for the non-parametric integral, assuming that the set of dis- 
continuities of the derivative y’ has content zero, and that y’ 
is bounded. Hahn treated the parametric integral with analytic 
integrand in 1907.* Assuming the minimizing curve to be 
rectifiable and to have a well defined tangent at each point, 
he showed that it must satisfy the du Bois-Reymond equations 
almost everywhere. Moreover, the minimizing curve is made 
up of denumerably many analytic curves satisfying the Euler 
equations. Under the weaker hypothesis that the minimizing 
curve is rectifiable and has a forward tangent at each point, 
Hahn again obtained the du Bois-Reymond equations, and 
showed that F, and F, are continuous at isolated discontinui- 
ties of the tangent direction. 

In my dissertationf I treated the non-parametric integral, 
assuming y to have bounded difference quotients. I obtained 
the du Bois-Reymond equation almost everywhere, and the 
Weierstrass and Legendre conditions at points where y’ is right 
hand or left hand continuous. Later I showed the existence of 
a family of solutions of the du Bois-Reymond equation, and 
obtained a corresponding extension of the Jacobi condition. 
However, this extension is of little significance, since the family 
of solutions of the du Bois-Reymond equations has the dis- 
continuities of y’ on vertical lines, and the condition that f— y’fy 
is continuous will in general not be satisfied. Moreover, the 
Weierstrass condition will in general not be satisfied by all 
the solutions of the family. So far as I can see, to obtain an 
effective extension of the Jacobi condition to discontinuous 
solutions, it is necessary to proceed step by step past one corner 
at a time. 

Tonelli has obtained stronger results than mine in one re- 
spect, namely in showing that the Weierstrass and Legendre 
conditions hold almost everywhere, and without the assumption 
that y’ is bounded.{ For the parametric problem Tonelli as- 
sumes only that the minimizing curve is rectifiable and then 


* (14). 
t (16). 
t See (56), vol. II, pp. 83, 317, 511, 557. 
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obtains the du Bois-Reymond equations almost everywhere, 
a stronger result than Hahn’s in some respects.* 

3. Corners related to Restrictions on the Position or Direction 
of Admissible Curves. Let us turn now to some types of prob- 
lems in which discontinuities in the direction of the minimizing 
curve are connected with restrictions on the position or direc- 
tion of admissible curves. In 1831 Goldschmidt} discovered 
the very interesting and well known example in which the 
curve generating a surface of revolution of minimum area is 
composed of a piece of the axis of revolution together with two 
line segments perpendicular to it. In this example the boundary 
restriction is y20. 

In 1879 Weierstrass{ gave the inequality 720 (<0) which 
replaces the Euler equation JT =0 for a piece of the minimizing 
curve lying along the boundary of the region of admissible 
curves. Todhunter gave this for the non-parametric form of the 
problem in 1871.§ Weierstrass] also obtained the condition 
holding at the point where the minimizing curve meets the 
boundary, namely, E(x, y, x’, y’, 9’) =0, where x’:v’ gives 
the direction of the extremal arc interior to the region, and z’: 7’ 
gives the direction of the boundary curve. If the problem is 
regular on the boundary, this condition implies tangency, and 
no corners are present. For this case Bliss derived sufficient 
conditions for a minimum in 1904.|| It would be desirable to 
carry through the theory without the hypothesis of regularity. 

Problems in three dimensions of the foregoing type were 
treated in 1914 by Bliss and Underhill.** In 1878 Mayer stated 
the law of the conservation of the isoperimetric constant or 
multiplier.j{ This law says that the multiplier is the same for 
all portions of the minimizing curve interior to the region. 


* See (56), vol. II, pp. 89, 318, 486, 557. 

t (25). See also MacNeish (26) and Sinclair (27). 

t See Bolza (54), p. 395. I was not able to find this in Weierstrass’ Werke 
nor in a copy of notes on his 1879 lectures. 

§ (48), p. 13. 

¥ (51), vol. 7, p. 307. 

|| See Bolza (54), pp. 400-407, Lindeberg (19). 

** (22). See Hadamard (55), p. 179. Also an example of a singular case in 
Todhunter (48), p. 128. 

tt (17). 
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It was proved by Weierstrass in 1879.* Hadamard indicated 
the conditions along the boundary for isoperimetric problems 
in 1907.7 

The case when one point of the minimizing curve is required 
to be on the boundary of the region of admissible curves was 
considered by Weierstrass.{ The condition holding at this point 


1S 


| sin 6| E(x, y, cos 8, sin 8, cos 8, sin 8) 


| sin 6| E(x, y, cos 8, sin 8, cos 8, sin 8) 


where @ and @ are the slope angles of the two arcs of extremals 
meeting at the point, and 6 and 6 are the angles at which they 
meet the boundary. This is an extension of the law of reflection 
of light. No further work seems to have been done for this prob- 
lem, but Bliss and Mason state that their results for the prob- 
lem with discontinuous integrand§ can be interpreted for this 
problem, and hence we have a sufficiency theorem as well as 
necessary conditions. 

When there are restrictions on the slope or curvature of 
admissible curves, the problem becomes more complicated. 
Todhunter has many examples in his Researches.§ Zermelo 
gave a very brief and sketchy account of the situation in 1902.|| 
In the same year Kneser gave a definitive treatment of New- 
ton’s problem of the solid of revolution of minimum resistance, 
with restrictions on the slopes of admissible curves.** Hada- 
mardtt considered the problem of Mayer with some inequali- 
ties among the side conditions, and obtained inequalities for 
the multipliers occurring in the multiplier rule. Finally in 
1914 Bolzaft undertook to study his generalization of the prob- 
lems of Mayer and Lagrange, with inequalities replacing equali- 
ties in some of the differential equations, finite equations, and 


* (51), vol. 7, p. 248. 

(20). 

Tt (51), vol. 7, p. 311. See an example in Todhunter (48), p. 128. 

§ (33). 

€ (48), pp. 38, 73, 103, 109, 111, 142, 143, 170, 201, 252. 

(23). 

** (31). See Bolza (54) pp. 407-418. See Lecat (32) for a bibliography of 
Newton’s problem. 
Tf (55), p. 248. 
tt (24). 
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end conditions. Neither Hadamard nor Bolza considers the 
conditions which must hold at a point of transition where an 
inequality holding in the strict sense along the minimizing curve 
becomes an equality. It should be noted also that the assump- 
tion of normality for the minimizing arc excludes the special 
case of the plane problem with boundary restrictions, as well 
as other simple cases. There is need in this domain for a further 
study of special cases, in order that a general theory may be 
properly oriented. 

4. Problems in which the Integrand is Discontinuous. A mini- 
mizing problem in which the integrand is discontinuous arises 
in the consideration of the path of light through a medium 
whose refractive power changes abruptly. The general problem 
of this type in the plane was treated by Bliss and Mason in 
1906.* The corner condition at the curve of discontinuity is 
that F,,dx+F,dy shall be continuous across this curve, where 
dx:dy gives the direction of the curve of discontinuity. This 
condition is due to Hilbert (Lectures 1904/5).¢ Bliss and Mason 
obtained the extension of the Jacobi condition by means of the 
envelope theorem, and discussed sufficient conditions. Their 
work is apparently easily extensible to any number of dimen- 
sions and any number of discontinuities.{ It would be of in- 
terest to consider the second variation for this problem. 

More recently Roos§ has discussed a generalization of Bolza’s 
general problem, in which the integrand may be discontinuous. 
Roos formulates the problem as follows. The expression to be 
minimized is the sum of two integrals 


g(x, y, y’; Yi, V2, V2, y(E))dx 


+- f K(x, y’; Vi, X2, Ye, y(&))dx, 


whose integrands may depend both on the given end values 
(x1, ¥1), (%2, Ye), and on the coordinates of the transition point 
(£, y(—)). Admissible curves satisfy the m differential equations 


* (33). 

t See Bolza (54), p. 390, footnote (2). 
t See Miles (34), (35). 

§ (36). 


840 L. M. GRAVES [Dec., 


a(x, y, y’)=0 and the end-point conditions have the form 
6,(%1, Y1, X2, Ye) =0. There is no restriction placed on the point 
of transition or discontinuity, so that Roos’ work does not in- 
clude the special case of Bliss and Mason. Roos obtains the 
conditions associated with the first variation, namely, the ex- 
tension of the Lagrange equations, the corner conditions, and 
the transversality conditions. 

A special case of Roos’ problem which has been studied more 
completely is the problem of minimizing the sum of an integral 
and a point function, 


r= f + 669, 


where »=y(£). Hadamard* gave the corner conditions which 
must hold at the point (£, y(£)), namely, 


(f — — = 86/08, fit — fy = 


Miss Sinclair studied an example in 1909.f In 1922 Clarkef 
made a study of necessary conditions and sufficient conditions 
in the plane problem. Besides the corner conditions already 
mentioned, he obtained an inequality T20 which must hold 
at the corner (&, 7). Then he obtained an extension of the Jacobi 
condition by means of an envelope theorem. I have a strong 
feeling that Clarke did not unravel the full significance of his 
condition T20. 
5. Multiple Integrals. 1 shall speak very briefly of discontinu- 
ous solutions of multiple integral problems, because but little 
has been done. Kobb obtained the edge conditions for the 
double integral in parametric form in 1892.§ These are that 
OF OF 
(2) — 
Ox, Ox, 


du 


and two similar expressions in which x is replaced by y and z 
respectively, shall all be continuous across a curve of discon- 
tinuity of the derivatives xu, %1, Yu, Yo, Zu, 20, Where du:dv 


* (55), §159. 

(38). 

t (37). 

§ (39a), p. 84. For the isoperimetric problem, (39b), p. 325. 
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determines the direction of the curve of discontinuity. Kobb 
took up also the case of one-sided variations and the case when 
the minimizing surface is required to have a curve in common 
with the boundary.* The former problem was treated more 
completely by Fischer,} who gave sufficient conditions for a 
minimum with respect to one-sided variations. Kobb’s edge 
conditions (2) can be easily obtained from various funda- 
mental lemmas for double integralst which lead to forms of 
the Lagrange equation analogous to the du Bois-Reymond form 
for simple integrals. 

In 1909 Haar and von K4rm4n§ considered triple integrals 
with differential inequalities as side conditions, but they ob- 
tained no satisfactory conclusions. This is not surprising, since 
the Lagrange multiplier rule for the problem of minimizing a 
double integral with differential equations as side conditions 
seems never to have been proved in satisfying fashion. 

6. Minimizing Curves that are Actually Discontinuous. Fin- 
ally I wish to speak of a type of calculus of variations problem 
proposed by Razmadzé§ in which certain curves with actual 
discontinuities are admitted to consideration as paths of inte- 
gration. Razmadzé seems to have been motivated largely by 
the example given by Weierstrass|| of an integral which has a 
finite lower bound but no minimum in the class of continuous 
curves. This example is 


f xry"*dx, 


where the curve is to join two points lying on opposite sides of 
the y-axis and having different ordinates. The integral has 
the value zero along the discontinuous curve composed of two 
segments parallel to the x-axis. This curve is approached by a 
sequence of continuous curves {C,} such that lim J(C,) =0. 
This property leads to Razmadzé’s definition of admissible 
discontinuous curves for the problem of minimizing the integral 


* (39b), p. 337-343. 

t (43). 

t See Mason (40), Haar (41), Schauder (42). 
§ (44). 

(46). Perhaps earlier in (45). 

f] See (51), vol. 2, p. 53. 
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J=/f f(x, y, y')dx. A curve D, y=y(x), having a single or- 
dinary discontinuity at x =o is admissible if a sequence {C,} 
of continuous admissible curves exists such that lim C,=D, 
lim J(C,)=J(D). This condition on admissible discontinuous 
curves may limit the abscissa of the discontinuity to a fixed 
value xo, as in the Weierstrass example. This is case I. Case II 
is that in which the abscissa of the point of discontinuity is 
freely variable. Razmadzé implicitly requires also that the 
ordinates be freely variable. In case I no new theory is re- 
quired, so far as discontinuous comparison curves are concerned. 
In case II Razmadzé obtains a discussion of the conjugate point 
conditions strikingly analogous to that of Carathéodory, Bolza, 
and Dresden for the case of minimizing arcs with corners. He 
also discusses sufficient conditions for a strong minimum in the 
field Fy of discontinuous comparison curves. He speaks of two 
fields of continuous comparison curves. The field F; is com- 
posed of sequences of continuous curves approaching discon- 
tinuous comparison curves, and the field F, is composed of 
sequences of continuous curves approaching the discontinuous 
minimizing curve. In both cases the value of the integral must 
approach the value along the discontinuous limiting curve. 
It is apparent that the fields F, and F, are rather ill-defined 
ideas. Now all that Razmadzé pretends to prove is that cer- 
tain conditions are sufficient for a discontinuous curve D to 
give a smaller value to J than do the curves of a given sequence 
of F; or F2, after a sufficiently large number of terms have been 
discarded. Nevertheless in his summary occurs the surprising 
statement that if the discontinuous curve D minimizes J in 
the field Fy of discontinuous comparison curves, then D gives 
a smaller value to J than every curve of the field F;, and (pro- 
vided a supplementary condition is satisfied) than every curve 
of the field F,. There are also minor objections to Razmadzé’s 
paper which contribute to the impression that it has little 
value. 

However, Sakellariou* was sufficiently interested to attempt 
a parallel discussion for the problem in parametric form. The 
points of rupture are still restricted to have the same abscissa. 
Sakellariou does not attempt a thoroughgoing investigation as 


* (47). 
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does Razmadzé, but a more sweeping objection to his paper 
can be made, since his first theorem, fundamental to all that 
follows, is quite obviously in error. 
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A FALLACIOUS PRINCIPLE IN THE 
THEORY OF NUMBERS 


BY D. H. LEHMER 


Since the beginning of the history of mathematics much 
effort has been spent on the problem of identifying prime 
numbers. There have thus resulted, among other things, a 
number of methods and a rapidly increasing assortment of large 
primes, well above the scope of existing factor tables. It is de- 
sirable that such a list of numbers be absolutely accurate. 
Doubtless a few entries that are actually composite have crept 
in asa result of miscalculations. There isa greater danger, how- 
ever, of an invasion of this hard won list by a horde of composite 
numbers on account of an erroneous method. It would seem 
worth while therefore to point out a fallacious principle which 
can be traced back to Seelhoff in 1886* and which is remarkable 
in that it has evoked no criticism, but on the contrary has been 
endorsed by no less a mathematician than F. N. Cole. The 
recent appearance of a book devoted to the principle prompts us 
to write the present criticism. 

We are indebted to Legendre for one of the most powerful 
tools for attacking the problem complementary to the one men- 
tioned above, namely that of factoring composite. numbers. 
Legendre’s method is based upon the fact that the knowledge 
of one quadratic residue of the given number N, eliminates 
approximately half of its trial divisors. Thus if there are n 
primes <J/N, and if 2”-'<nS2’, then a knowledge of r inde- 
pendent quadratic residues of N would reduce the number of 
trial divisors to a mere handful. But the task of combining the 
separate bits of information offered by each residue, and thus 
excluding nearly all (if not all) the trial divisors, is often the 
most difficult part of the procedure. It was Seelhoff’s idea to 
eliminate this part of the work by formulating the following 
principle. 

If at least r primes can be found which, when taken with the 
proper sign, are quadratic residues of N, then N is a prime, the 
number r being defined above. 


* Zeitschrift fiir Mathematik und Physik, vol. 31, p. 307. 
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As one example Seelhoff chooses a factor of 2“—1, namely 
N=204C8568497 and shows that the following 16 primes, 
1, 2, 7, 11, 17, 19, 23, 31, 43, 53, 61, 67, 83, 97, 113, 131, are 
quadratic residues of N. The number of primes <+/N is 13253 
(instead of “about 1600” according to Seelhoff), while the 
number of trial divisors of N is reduced to one case in 2'*= 65536. 
Hence Seelhoff concludes that N is a prime. However Landry 
had found seventeen years earlier that =9719- 2099863. 

In terms of the factor stencils of D. N. Lehmer, Seelhoff’s 
principle assures us that after we have selected the appropriate 
stencil sheets, it is unnecessary to use them at all. 

Seelhoff makes no explicit statement about the magnitudes of 
the prime quadratic residues, although in the example just 
quoted the residues are actually the smallest available ones 
(except for the last). Cole’s interpretation* of Seelhoff’s 
principle added to it the requirement that the prime quadratic 
residues should constitute an unbroken sequence of the smallest 
possible primes. As to the number of primes required to estab- 
lish the primality of N, Cole states that for N a 22 digit number 
about 70 primes are enough and “in fact a much smaller se- 
quence would suffice.” Although Cole refers to Seelhoff’s paper 
and also to an article in which the factors of Seelhoff’s “prime” 
occur, he not only fails to draw a moral from Seelhoff’s example 
(which presumably satisfies all the requirements of his inter- 
pretation of the principle), but proceeds to apply the method 
to prove that 2%—1 is a prime. 

Another application of the principle was made by Hoppe in 
the investigation of (10'’—1)/9. Two proofs of the primality 
of this number were submitted by him to the London Mathema- 
tical Society.f The first proof consisted in isolating an unbroken 
sequence of the 73 smallest prime residues, in fact all those 
<761. He submitted this proof to Cole, who did not consider 
it sufficient. This seems to indicate that Cole had some doubt 
as to the rigor of his own method. It was probably Cole’s reply 
that prompted Hoppe to give an independent proof of the 


* This Bulletin, vol. 10, p. 134. 
t Proceedings of the London Mathematical Society, Records of Meetings 
of Dec. 6, 1917 and Feb. 14, 1918. 
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primality of his number, as described in his second communica- 
tion to the Society.* 

The latest and most elaborate application of Seelhoff’s 
principle is to be found in Kraitchik’s Recherches sur la Théorie 
des Nombres, vol. 2 (Paris, 1929). He bases his method on the 
following theorem. 

If every prime p of which N is a residue is, when taken with the 
proper sign, a residue of N, then N is a prime. 

This theorem (of which no proof is given) cannot be applied 
directly to a given N since it involves infinitely many opera- 
tions, not to mention the knowledge of an infinitude of primes. 
The author surmounts this difficulty by exhibiting a limited 
number of such primes , the implication being, that after 
having obtained these residues, the fate of all the other primes 
of which N is a residue, is determined. It is natural to inquire 
what finite number of such residues is sufficient to establish the 
primality of N. This pressing question is not answered. 

Consider for example Kraitchik’s proof of the primality of 
N = (2°5+-1) /(2+1) = 18446744069414584321. Reducing the 
proof to its essentials, we have exactly 76 primes ~<1000 of 
which N isa residue. Of these, 56 are shown to be residues. The 
characters of the other 20 primes are not determined. But ac- 
cording to the author “II n’est pas nécessaire d’insister sur ce 
point.” This he considers sufficient evidence for the primality of 
N.{ As we have just presented it, the evidence seems to be 
rather weak. As presented by Kraitchik it accumulates with in- 
creasing rapidity in an almost dramatic way. Thus in the case of 
N = (212041) (28+1) /(2%*+-1) (2%+1) = 18518800563924107521,t 
all but 10 of a certain set of 52 primes <1000 are shown to be 
residues of N by an ingenious combination of no less than 60 
carefully selected quadratic partitions of N. Just as we begin 
to fear that these outstanding primes are actually non-residues 
of N, we are brought face to face with the fact that 


* The facts of the above paragraph were kindly supplied by Mr. R. E. 
Powers, who was in correspondence with Hoppe during the latter’s investiga- 
tion. 

¢ Fortunately N is actuaily a prime, as we have shown by the converse of 
Fermat’s theorem. 

t No satisfactory proof of the the primality of this number has as yet been 
given. 
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This one fact added to our previous knowledge proves that the 
10 remaining primes are actually residues. Hence Kraitchik 
concludes that N is a prime. 

It is difficult to see how a rigorous and practical test for 
primality could be obtained by modifying Seelhoff’s principle. 
In fact, for a given finite set of primes, there exist composite as 
well as prime numbers which have this set as residues. Con- 
sequently some other evidence more characteristic of the given 
number is required. It is inevitable, in dealing with very large 
numbers that the size and number of the residues depend more 
on the method of their discovery than on the number itself. 
But a “large” residue is just as much a residue as a “small” 
one. In considering the 56 residues offered by Kraitchik in 
evidence of the primality of (2%+1)/(2*+1) one should not 
forget the 9223372034707292104 other residues which were 
not consulted in the matter. If the mere exhibition of quadratic 
residues is insufficient proof, what significance has it? In the 
final paragraph of the appendix of his book Kraitchik discusses 
briefly the “moral certainty” of his method. Instead of con- 
cluding, as he does, that the proof is sufficient, one may use the 
evidence (as Hoppe did) in deciding which legitimate method 
is best suited to the number in question. Whether this guide 
will prove reliable or not, is a matter for experiment, and isa 
question of technique rather than theory. 
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ON CERTAIN PROBLEMS OF APPROXIMATION IN 
THE COMPLEX DOMAIN* 


BY DUNHAM JACKSON 


When the paper with the above title was presented to the 
Society, I expected to publish it within a short time, and put on 
record at the moment only a brief abstract giving no very 
specific indication as to the results obtained. But the publica- 
tion was delayed, and meanwhile J. L. Walsh,t working quite 
independently, has treated problems of similar character by a 
different method, and has given a discussion which is in various. 
ways considerably more thorough and comprehensive than 
that which I had contemplated, besides extending to other 
problems which I had not dealt with at all. Some of my con- 
clusions nevertheless remain outside the scope of Walsh’s 
article, and the purpose of the following paragraphs is to give 
an account of these results, with repetition of those stated by 
Walsh only so far as is necessary in order to exhibit the working 
of the method. The reader is referred to Walsh’s paper also for 
detailed citations of the literature. 

The problem of the present note is that of the convergence 
of a sequence of approximating polynomials for a function of a 
complex variable, the approximating polynomials being chosen 
so as to minimize an integral containing a power of the absolute 
value of the error. The method is an adaptation of one which 
has been applied to problems in the approximation of real 
functions, depending on Bernstein’s theorem on the derivative 
of a real polynomial or of a trigonometric sum. A corresponding 
theorem for polynomials in the complex domain reads as fol- 
lows:} 

If P,(2) is a polynomial of the nth degree such that 


| Pa(z)| SL for |z—20| SR, 


* Presented to the Society, December 29, 1927. 

t On the overconvergence of sequences of polynomials of best approximation, 
Transactions of this Society, vol. 32 (1930), pp. 794-816. 

tS. Bernstein, Legons sur les Propriétés Extrémales et la Meilleure A pproxi- 
mation des Fonctions Analytiques d’une Variable Réelle, Paris, Gauthier-Villars, 
1926, pp. 44-45. 
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then 
| Pi (z)| nL/R for |z—2o| SR. 


The coefficients in P,,(z) may be real or complex. The content 
of the assertion is of course unchanged if |z—zo|<R is replaced 
by |s—zo|=R in the explicit statement. 

Suppose now that f(z) is a function analytic for |z—zo | <A, 
and continuous on the circumference of the circle. Let a poly- 
nomial P,,(z) of specified degree m be chosen so as to minimize 
the integral 


the path of integration being the circumference, s the arc length 
measured from a fixed point of the path, p(s) a given non- 
negative measurable function of s, for simplicity bounded and 
with a positive lower bound, and m a given positive real number. 
It can be shown by well known methods that the minimum 
problem has at least one solution, and that for m>1 the solution 
is unique. Let P,(z) henceforth denote the particular poly- 
nomial, or a particular polynomial, which reduces the integral 
to its smallest value, and let y, denote this smallest value. 

Let »,(z) be an arbitrary polynomial of the mth degree; let 
e, be the maximum of — pa(z) | for | =R; let 
rn(z) =f(z) —pn(z); and let 2,(z) = P,(z) — p,(z), so that 


= f(z) P,(2), 
J 06s) | wale) as, 


f o(5)| fe) — Pals) ("as 
Cc 


Let u, be the maximum of |7,(z)| on the circumference, and 
z; a point of the circumference at which this value is taken on. 

Throughout the circle, by the theorem of Bernstein cited 
above, | z,/ (z)| < np,/R, and 


| — | — /R; 


in the part of this circle for which |z—z,|<R/(2n), and, in 
particular, on an arc of the circumference exceeding R/n in 
length, 


(21) | un/2, | | = 2. 


= 
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The reasoning is continued substantially as in similar situations 
elsewhere.* Let V and v>0 be upper and lower bounds for 
p(s). If Yn while, on the other hand, 


n= | S(2) — |"ds < 
c 


and by combination of these relations 
Mn S 
Whether yu, 24e, or not, we have 
| f(z) P,(2) | = | rn(z) — | cn'!™,, 


where c is independent of u and of the choice of ,(z) (and, in- 
cidentally, independent of R), the relation holding throughout 
the circle |z—z9|<R. 

For convergence of P,(z) toward f(z), uniformly throughout the 
circle, a sufficient condition therefore is that it be possible to choose 
polynomials p,(z) for each value of n so that lim ,..n/™e,=0. 
This condition is of course fulfilled if f(z) is analytic on the cir- 
cumference of the circle, as well as inside; but it is satisfied in 
other non-trivial cases also. For example, if lan | <A/(n?R*), 
p>1, in the power series development 


(1) = ao + — 20) + a2(z — 20)? +---, 


the first +1 terms of the series give a polynomial p,(z) for 
which €, does not exceed a constant multiple of (1/m)?—, and 
the condition for convergence is satisfied if p>(1/m)+1, though 
f(z) is certainly not analytic at all points of the circumference 
if there are numbers B>0 and such that |a,|>B/(n*R*), 
the power series being divergent then for |z—Z0 |>R. 

If f(z) is analytic for ls—zo | = R, a corollary of the preceding 
work is what Walsh calls the overconvergence of the sequence 
P,(z): if Ro>R is the radius of convergence of the series (1), 
and if R; is any number < Ro, the sequence converges uniformly 
toward f(z) for |z—z0 | <R,. Let it be supposed for definiteness 
that R:>R, and let R’, R’’ be chosen so that 


* See, for example, D. Jackson, The Theory of Approximation, New York, 
1930, pp. 82-86, 96-98. 
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The series (1) is convergent for |z—zo|=R’, and the general 
term a,(z—2Z)" is bounded, so that |a, | <c,/R’", where c, like 
each of the other quantities denoted below by the letter c with 


° ~ | | 
a subscript, is independent of n. For |z—20|=R, 


— Z0)"| S a(R/R’)"; 
if the sum of the first » +1 terms of the series is taken as p,(z), 


f(z) — pa(z)| = | — + — --- | 


R n+l R n+2 
sal(Z) | 
R’ R’ 
oR’ ( (=) 
R’ — R\R’ R’ 


The last member is an upper bound for e,. Since R’’ <R’, there 


is a cz; such that 
R” ntl /R n+l R n+1 
con! (= ) < C3 


R \ ntl 
P,(2)| S ce3 
R n+2 R nt+1 
R R n+1 


Or, if P,,(z) —P,_:(z) is denoted by Q,(z), and the subscript in 
the last inequality is reduced by one unit accordingly, 


IA 


nilme, 


Hence 


f(z) 


IIA 


f(z) — 


Prii(z) — P,(2) 


lA 


Then 


| 
= 
R n 
(2) On(2) C4 
Let 
Q,(2) = ao + — Zo) + a,(Z — Zo)”. 
| 
1 
Qridc — 
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On the path of integration, which is understood to be the circle 
of radius R, as before, Q,(z) is subject to (2), and consequently 


1 R n 1 k+1 R n 1 k 
R RY R 


For lz—zo | = Ry. 
R n R, k R n R, n R, n 
| outs ef ) (=) = (>) of ) 
Ri R R 


Since Q,,(z) is the sum of n+1 terms of the form ax(z—2»)#, 


| calm + 1) 
Qn(z) | S + (= 


on the same circle, and as the right-hand member is the general 
term of a convergent series, the sequence P,(z), equivalent to 
the series is uniformly convergent for 

This proof of overconvergence has been given merely for 
the sake of showing its relation to the method of the present 
note, without the use of conformal representation or Hélder’s 
inequality; it is not comparable in generality with Walsh’s 
treatment of the subject. 

The proof of convergence throughout the given closed region, 
restricted above to the case of a circle, can be extended, and 
was extended in my original paper, to regions of somewhat 
more general shape. For the question of overconvergence in 
more general regions I am content to refer the reader to Walsh. 

Let C be a closed rectifiable curve, given by a pair of equa- 
tions x=¢(s), y=y¥(s), where s is the length of arc, and 
= 9(0), ¥(/) =¥(0), being the length of the curve, but 
| $(s2) —(s1)|-+ |¥(se) —W(s:) | #0 for OSsi<s2<l. Let it be 
supposed that @$’’(s) and wW’’(s) are defined at all points of 
the curve, and bounded. Let S be the closed region having C 
for its boundary. It is fairly apparent from the geometric sig- 
nificance of the hypotheses, and can be proved analytically by 
routine processes of some length and awkwardness but no 
particular difficulty, that there is a number 79 >0 such that at 
every point of C a circle of radius ro can be drawn tangent to 
C, and containing in its interior and on its boundary only 
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points belonging to S. The essential thing is that a single posi- 
tive ro serves for all points of the curve uniformly. 

Let P,,(z) be a polynomial of the nth degree such that |P.(z) I<L 
throughout S. If Q is any specified point of C, there is a circle of 
radius ro, having Q on its circumference, and belonging wholly 
to S, a circle consequently throughout which the condition 
|P.(z)|<L is satisfied. Hence, by the form of Bernstein’s 
theorem previously cited, |P, (z)|<nL/rp at all points of the 
circumference, and at the point Q in particular. Since Q is an 
arbitrary point of C, it is recognized that |p (z) |<nL/ro at 
all points of C, and consequently throughout the interior of S also. 

With the aid of this extension of Bernstein’s theorem it is 
possible to carry over the earlier convergence proof to the case 
of a region satisfying the somewhat restrictive hypotheses that 
have been imposed on S. If f(z) is analytic throughout the interior 
of S and continuous on C, and if P,(z) is the polynomial, or a 
polynomial, of the nth degree, minimizing the integral 


f ~ 


the weight function p(s) and the exponent m having the same char- 
acter as before, a sufficient condition for the uniform convergence 
of P,(z) toward f(z) throughout the closed region S is that poly- 
nomials p,(z) exist so that lim,.. n/"e,=0, where €, is the 
maximum of — pa(z) | on C. 

The problem may be modified, in the case either of the circle 
or of the more general region S, by supposing that the integral 
to be minimized in defining P,(z) is an area integral extended 
over the region, instead of a contour integral. The convergence 
proof can be carried through essentially as before, except that 
the factor m/™ in the statement of the sufficient condition for 
convergence is to be replaced by n?/™, because at the point 
where Bernstein’s theorem enters into the proof an arc whose 
length is of the order of 1/n has to be replaced by an area* 
having linear dimensions of the order of 1/n. More general 
problems, still accessible to the same method of treatment, could 


*For comparison, see E. Carlson, On the convergence of trigonometric 
approximations for a function of two variables, this Bulletin, vol. 32 (1926), 
pp. 639-641. 


= 
= 
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be set up by combining the integral around the boundary with 
integrals over specified curves interior to the region, or by using 
area integrals together with line integrals, or by admitting 
values of the error at isolated points in the expression to be 
minimized. It is clear that this type of generalization would 
lead ultimately to the consideration of a Stieltjes integral, 
though the precise degree of generality that would be prac- 
ticable remains to be ascertained. 


THE UNIVERSITY OF MINNESOTA 


CONCERNING QUASI-k-FOLD TRANSITIVITY OF 
PERMUTATION GROUPS* 


BY R. D. CARMICHAEL 


1. Introduction. Let G denote a permutation group having 
the property that for every / such that 1S/S& it is true that 
when two sets of / letters each are given, taken from the !etters 
on which G operates, then there exists in G a permutation P 
which transforms the first of these sets of letters in some order 
into the second. Then it will be said that G is quasi-k-fold transi- 
tive.{ It is clear that G is transitive in the ordinary sense. 
Quasi-k-fold transitivity differs from k-fold transitivity in re- 
spect to the matter of order in the elements; in the latter a 
permutation P exists when the order of the / elements in each 
of the two sets is prescribed such that it transforms the one 
ordered set into the other; in the former we have to do with the 
transformations of unordered sets. 

G. A. Millerf has pointed out that, when # is a prime number 
of the form 4x+3, the semi-metacyclic group of degree p is 
quasi-2-fold transitive, in the sense of our definition, even 
though it is only singly transitive. In a paper not yet published 
Miller has easily proved that a quasi-k-fold transitive group is 


* Presented to the Society, September 11, 1930. 

¢ Since the text of this article was put into type Professor W. B. Carver 
has called my attention to a paper by W. B. Carver and Mrs. Estella Fisher 
King, this Bulletin, vol. 26 (1920), pp. 319-322, dealing with quasi-k-fold 
transitivity. 

t Transactions of this Society, vol. 28 (1926), p. 339. 
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primitive except possibly when & is 1. Though the concept of 
quasi-k-fold transitivity seems to be one of some interest I have 
found no other reference to it than wnat has just been men- 
tioned. 

In the present paper I prove (§2) one general theorem con- 
cerning the order of these groups; I exhibit (§3) an infinite 
class of doubly (but not triply) transitive groups which are 
quasi-3-fold transitive and show (§4) that each group in this 
class contains a singly transitive subgroup which is quasi-2-fold 
transitive, the latter groups containing among them the semi- 
metacyclic groups already mentioned. Moreover I give (§5) 
two examples of 3-fold transitive groups which are quasi-4-fold 
transitive and point out (§6) some additional properties of one 
of these groups. 


2. Order of the Groups. Let G denote a quasi-k-fold transitive 
group. Let m be the order of the largest subgroup H of G each 
element of which leaves fixed each of k letters of G and let K 
be the largest subgroup of G which permutes these & letters 
among themselves. Then K contains H as a self-conjugate sub- 
group. Let um denote the order of K. Then the named  ele- 
ments are permuted among themselves by K according to a 
group of order uw, whence it follows that yu is a factor of k!. If 
G is k-fold transitive then p=R!. 

If the degree of G is m then n(m—1) -- - (n—k+1)/(R!) is 
the number of sets of k letters each which may be formed from 
the letters of G. From this it follows that the order of G is 
n(n—1)--- (n—k+1)pm/(k!). 

We are thus led to the following theorem: 

The order of a quasi-k-fold transitive group G of degree n 1s 
n(n—1)--- (n—k+1)ym/(k!), where m is the order of the largest 
subgroup H of G which leaves unchanged each of k given letters of 
G and where pu is the order of the group by which these k letters are 
permuted under the largest subgroup K of G which permutes these 
letters among themselves. The order of K is um. The subgroup H 
is contained self-conjugately in the subgroup K. 

When G is k-fold transitive in the ordinary sense this result 
reduces to a classic theorem concerning multiply transitive 
groups. 


3. An Infinite Class of Doubly Transitive Groups. Let p be 
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an odd prime number and let us consider the group G composed 
of the transformations 


ax+b 
cx+d 


where a, 6, c, d are marks of the Galois field GF[p"] such that 
ad—bce is a square in GF[p"|. Then G is doubly (but not triply) 
transitive when it is represented as a simply isomorphic per- 
mutation group on the "+1 symbols consisting of © and the 
marks of GF[p"]; its order is 3}(p"+1)p"(p"—1). We shall show 
that this permutation group G is quasi-3-fold transitive when p” 
1s of the form 4x+3, that is, when p is of the form 4x+3 and n ts 
odd. 

For this purpose it is evidently sufficient to show that G 
contains a permutation which transforms any three preassigned 
marks u, v, w whatever in some order into 0,1, ©. Since G 
is doubly transitive it contains a permutation changing u, v 
into 0, ©; let ¢ be the mark into which w is changed by this 
transformation. Then if ¢ is a square the group G contains the 
transformation x’=¢"'x and this changes ¢ to 1 while 0 and 
are left fixed, so that in this case u, v, w are changed to 0, ©, 1 
respectively. In case ¢ is not a square we must use a different 
transformation. But in this case —¢ is a square, since —1 isa 
not-square owing to the fact that p” is of the form 4x+3. We 
then use the transformation x’ =t/x to change ¢ into 1; it inter- 
changes 0 and ©. Hence, in this case, u, v, w are changed into 
co, 0, 1 respectively. 

Now let d be any factor of 1 and write n=d6é. Adjoin to G 
the transformation 


x’ = xP 
and thus construct an enlarged group Ga (with G,=G). The 
latter group is doubly (but not triply) transitive and contains 
G as a subgroup of index d. It is now obvious that Ga is quasi- 
3-fold transitive when p” is of the form 4x+3. 

If any positive integer L is assigned in advance then odd 
integers m exist having more than L factors d, whence it follows 
that when L is given there exists an infinitude of prime powers 
p” such that for any one of these there exist more than L quasi- 
3-fold doubly (but not triply) transitive groups of degree p*+1. 
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4. Relations between Groups. Each of the quasi-3-fold doubly 
(but not triply) transitive groups Ga of degree p"+-1, described in 
§3, contains as a subgroup of index p"+-1 a quasi-2-fold transitive 
subgroup of degree p" whose degree of transitivity is unity. It is 
evidently sufficient to prove this for the case of the named sub- 
group of G, © being the element held fixed in forming the sub- 
group. The transformations of this subgroup are those of the 
form x’ =a?x+b, where a and are marks of the GF[p*| and the 
symbols permuted are the marks of this field. It is sufficient to 
show that G contains a permutation transforming any two 
marks u, v whatever in some order into the pair 0, 1. This 
group contains the transformations x’=x—u and x’=x-—»; 
these replace u and v by 0, v—u and u—z, 0 respectively. One 
of the marks v—u and u—?z is a square p* since —1 is a not- 
square when ” is of the form 4x+3 (as now supposed): the 
mark p? is changed to 1 by the transformation x’ =p~x and this 
transformation belongs to the group; it leaves 0 fixed. Therefore 
we conclude to the proposition asserted. 


5. Examples of 3-Fold Transitive Groups. It is well known 
that the group consisting of all the transformations 


+b 

cx? +d 
where a, b,c,d are marks of GF[p"] such that ad—bc0 and ¢ 
ranges over the set 0, 1,---, m—1, permutes © and the 


marks of GF[p"] according to a triply transitive group of degree 
p"+1 and order (p"+1)p"(p"—1)n. Let us ask for the condi- 
tions under which this group is quasi-4-fold transitive. From the 
theorem in §2 it follows that we must then have the equation 


1 
(p" + — 1)n = + 1)p"(p" — 1)(p" — 2)um, 
where wu and m are integers and yp is a factor of 24. Therefore 
we must have 
(p" — 2)um = 24n and p” S 24n + 2. 


In order to satisfy the given inequality we must have p$26, 
n<7, with further restrictions on m for the larger values of p. 
Then it is easy to show that the given equation can be satisfied 
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only when p=2, n=2, 3, 5; p=3, n=1; p=5, n=1. When 
p=3, n=1, we have the (four-fold transitive) symmetric group 
of degree 4. When p=5, n=1, the group is of order 6-5-4 and 
is not quasi-4-fold transitive. When p=2, n=2, we have the 
(five-fold transitive) symmetric group of degree 5. 

When p=2, n=3, we have a triply transitive group G of 
degree 9 and order 9-8-7-3. If wis a primitive mark of GF[2?] 
satisfying the equation w*=w+1 then the symbols ©, 0, 1, w 
are permuted among themselves according to a group of order 
12 by the group whose generators are x’ =w/x and x’ =w*x‘+1, 
and these symbols are permuted among themselves by no larger 
subgroup of G. Hence G transforms the four symbols into 
9-8-7-3/12, or 126, quadruples. But there are just 126 quad- 
ruples of nine things. Hence the named group G is quasi-4-fold 
transitive. 

There is left for consideration the case p=2, n=5. The 
group G is then of degree 33 and order 33-32-31-5. Let w be 
a primitive mark of GF[2°] satisfying the equation w°=w?+1. 
The symbols ©, 0, 1, w are permuted among themselves ac- 
cording to a group of order 4 by the group whose generators 
are x’=w/x and x’=(x+w)/(x+1). The transformations 
x’=1/x, x’=x+1, x’=x? permute ©, 0, 1 among themselves 
and generate a group H which is transitive on the remaining 
30 symbols. Since G is triply transitive it has an element 
transforming any four symbols a, 8, y, 6 into ~, 0, 1, ¢, where 
t is some mark of GF[2°]; using H this set can be changed in 
some order to ©, 0, 1,w. Since any set a, 8, , 6 of four symbols 
can be transformed into the set ©, 0, 1, w it follows that G is 
quasi-4-fold transitive. 


6. Additional Properties. It is of interest to note some addi- 
tional properties of the named group G of degree 33 and order 
33-32-31-5. It may readily be shown that the symbols ~, 0, 1, 
w, w'§ are permuted among themselves by just four elements of 
G and hence that this set is transformed into just 33-8-31-5 
quintuples by the permutations induced by G. Moreover it can 
readily be shown that any two sets of four symbols each occur 
equally often in these quintuples and hence that each quadruple 
appears in just five of the quintuples. From this it follows that 
a given quadruple occurs in the quintuples with just five other 
elements; these elements may therefore be taken together to 
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form a new quintuple. The quintuples which may be formed 
in this way constitute the same set of quintuples as that already 
formed. Therefore this set of quintuples constitutes a rather 
remarkable tactical configuration. 

Since with each set of four symbols we have, as just indicated, 
a unique associated set of five symbols, we may form a con- 
figuration of nines by taking with each four symbols the five 
which are thus associated with it. Thus we have a configuration 
of 33-8-31-5 nines, such that each set of four symbols appears 
just 126 times, each triple just 630 times and each pair just 
2790 times. 

It may be shown that the eleven symbols, 


2 ll 
0, 0, 1, w, w’, w®, w!!, w 


are permuted among themselves by a subgroup of G of order 
110 and by no larger subgroup, whence it follows that this set 
is transformed by G into 31-3-16 sets of eleven each. Let A 
denote the tactical configuration constituted by these sets of 
eleven symbols each. It may be shown that this configuration 
has the following properties: each set of four symbols occurs in 
twelve and just twelve of these sets of eleven each; each triple 
of the 33 symbols appears in just 45 of the sets. 
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A SET OF CYCLICLY RELATED FUNCTIONAL 
EQUATIONS* 


BY W. M. WHYBURN 


An_ examination of the first-order differential equation 
y’=p(x)y and the second-order system y’=p(x)y+q(x)z, 
2’=p(x)z+q(x)y, where p(x) and g(x) are integrable functions 
of the real variable x, shows that their general solutions may 
be expressed in exponential form. Conversely, the solutions of 
the first-order equation may be used to define the exponential 
function and the solutions of the second-order system may be 
used to define the circular and hyperbolic functions as well as 
to give the relations that exist between these two sets of func- 
tions. These facts lead one to consider the general system 


k=1 

where 1 is a positive integer, m and h are integers or zero, and 

where the coefficients A;,(x) are L-integrable functions of x 

on an interval of definition X. More generally, one is led to 

consider the functional system 


(2) L(ys) = Aryirment, (i = 1,---, 5 Vien = Vids 
k=l 
where the functional operator LZ has the property L(ay+z) = 
aL(y)+6L(z) for any constants a and 5b, and where the coef- 
ficients A, are functions of a finite or countably infinite set of 
variables (x1, x2,---) in a domain D of these variables. It 
is to be noted that the operator L may combine partial dif- 
ferential operators of various orders, simple and multiple 
integrals, and many other operators, so that system (1) occurs 
as a very special case of system (2). The present paper consid- 
ers system (2). As a special case of the results of the paper, 
the general solution of system (1) is obtained and its exponen- 
tial character exhibited. 


* Presented to the Society, April 5, 1930. 
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THEOREM 1. Let p and q be any positive integers* such that 
bqg=n; then there exists a non-singular linear transformation 
carrying yi, in sucha 
way that system (2) goes into p independent systems each one of 
which consists of q equations involving q of the quantities ux, and 
no two of the systems have a uit in common. 


Proor. Let ,---,7, be the distinct pth roots of unity and 
let 


Pp 
j=1 
Proof of Lemma. From (3), we have 


Pp 


Pp 


j=1 s=2 


Pp 
= Uit. 
s=1 


Proof of Theorem 1. Apply L to u;, as given by (3) and make 
use of (2): 


p p 
L(1 it) = 1( = 4-10) 
j=l j=1 


n 


n 


=1 k=1 k=1 


Pp 
If we now apply the lemma, we obtain 


q 
(S:) L(uit) = (i = 1,2,---, = Wit), 
k=1 


* One such pair being m and 1. 
+ We assume the existence of a set of functions y,, +--+, yn such that (2) 
holds almost everywhere in D, 


= 
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where 
Bu = Di 
j=l 
System (S;) consists of g equations involving uu,---, ug. 
The systems (S;), (S2),---, (Sp) are the ones required for 


Theorem 1. It remains to prove that the transformation (3) is 
non-singular. When 7 is fixed, a determinant of coefficients 


Of Yi, in (3) is 
nore re 1 
D; = = 


D; is recognized as a Vandermonde determinant and has the 
value 


lie, 


k,j=1 
j>k 


A determinant of the transformation (3) is therefore 


q 
D = [[D; = (D,): # 0. 
1 
The quantities y;, May be thought of as 
the roots of an equation and, with this interpretation, the quan- 
tity ui: becomes a Lagrange resolvent.* Thus u;=[r,,Y;], 
where r- is any pth root of unity and where the components of 
Y; are Vi, This interpretation is quite 
helpful and enables one to solve equations (3) for y1,---, Va 
with ease. By a well known property of the Lagrange resolv- 
ent,f we have 


Pp 


t=1 


* See Cajori, Theory of Equations, New York, Macmillan, 1904, pp. 129- 
133. 
t See Cajori, loc. cit., p. 130. 
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Hence 


(4) Vit(k-1)q = | |/ 2, 


(§¢=1,---,qg;k =1,---, p). 


The special case of transformation (3) where p=” and g=1 
is important since it resolves system (2) into m equations, each 
of which contains a single function u;,. For a wide class of opera- 
tors L, it will then be possible to solve these m equations for the 
u’s and thus obtain y,---, y, by means of equations (4). 
Thus system (1) yields «,’=B,r,-‘"tu, (dropping the sub- 
script 1), (¢=1,---,m). Hence we obtain u,(x) =c,e/“-*), where 
(1, €, are arbitrary constants and 


(5) f(t, x) = f A,(s)ds. 


j=1 


The general solution of system (1) is 
(6) ye(x) = (k= 1,---,m), 


where f(t,x) is given by (5) and C,, - - - , C, are arbitrary con- 
stants. Formulas (6) show the exponential character of the 
solutions of all systems of type (1) and these differential sys- 
tems are seen to define a class of functions which have many 
properties in common with the exponential, sine, and cosine 
functions. These properties are more evident when the general 
solution of (5) is put in trigonometric form. We now obtain 
this form. 
Let the notation be chosen so that 


r.=cos (2ix/n)+2 sin (2tr/n). 
We have r:=(n)' and f(t,x) has the form 


f(t, 2) = 
j=1 a 
while 


f(n x) = A,(s)ds. 


j=1 
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Let 


(7) P(t, x) = > fia i(s)ds cos (2tr(m + jh)/n), 


(8) Ot, x) = sin (2tr(m + jh)/n), 


then f(t,x) = P(t,x)+7Q(t,x) and f(n—t,x) = P(t,x) —iQ(t,x). 
Odd-Order Case. Let n=2d+1, where d is an integer. We 
have 


d 
p=1 


Upon expressing f(p,x) and f(n—p, x). in terms of P and Q 
and grouping the terms of y,(x), we obtain 


d 
(9) = Cyl + (C8 + C,_pe-@] cos (2pkx/n) 


p=1 
+ i[— + sin (2pkw/n). 
Let yi.(x) denote the y,(x) obtained from (9) when C,=C,—» 
=H,/2 and let ye. be the y, obtained when C,= —C,_»= 
K,/(2i). We note that = yiz(x) +yor(x), (R=1,---, isa 
solution of system (1). Furthermore, this is the general solu- 
tion of that system. We have 


d 
(10) yi(x) = Cre) + H, cos [O(p, x) — 2pka/n] 


p=1 
+ K,sin [Q(p, x) — 2pkr/n]}, 


where C,, H,, K,, p=1,---, d, are arbitrary constants and 
f(p,x), P(p,x), Q(p,x) are given by formulas (5), (7), and (8). 
If we let 


H,/Np=cos M,, —K,/Np=sinM,, 
formulas (10) become 
d 
(11) ye(x) 4+ Nye?) cos [O(p, x) +M,—2pka/n], 
p=1 


where C,, N,, My, p=1, --- , d, are arbitrary constants. 


= 
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Even-Order Case. In the case »=2d, d an integer, formula 
(6) can be put in the form 


d—1 
(12) yx) = + 


p=1 
Procedure entirely analogous to that used in treating the odd- 


order case leads to the following two forms of the general solu- 
tion of system (1) in the case where 1 is an even integer: 


(13) = Kel) + Hef@.=)[— 1]* 
d-1 
+ cos {Q(p, x) — 2pka/n} 
p=1 


+ K,sin {Q(p, x) — 2pkr/n} JeP», 
(14) y.(x) = Kel™=)4 Hef @.2)[— 1]* 


d-1 
+ DIN cos [Q(p, x) + My — 2pka/n], 
p=1 

where H, K, Hy, Ky, Np, Mp, p=1,--+, d—1, are arbitrary 
constants and f(p,x), P(p,x), Q(p,x) are given by formulas 
(5), (7), and (8). 

It would be of interest to investigate specific properties of 
the solutions given by (10), (11), (13), and (14), for example the 
distribution of the roots of the solution functions.* 


THe UNIVERSITY OF CALIFORNIA AT Los ANGELES 


* See L. E. Ward, American Mathematical Monthly, vol. 34 (1927), pp. 
301-303, for a special third-order case. 
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CORRELATION AND GROUP THEORY* 
BY D. J. STRUIK 


1. Introduction. The following considerations, that were 
first presented at the meeting of the American Mathematical 
Society at Amherst in September 1928, might seem rather 
trivial. Indeed, their essential elements are well known to all 
statisticians. I have, however, never seen an explicit statement 
of these principles and it might therefore be useful to give a 
short presentation.t 


2. The Groups of Correlation. Problems on correlation may 
be divided into three different groups. 

A. Problems in which comparison is made between quantities 
that can not be expressed in the same units. For instance 
the marriage rate and the foreign trade of a country. Here the 
marriage rate may be expressed in number of marriages per 
thousand of population and the foreign trade in dollars. Change 
in unit in both cases may be entirely independent. The marriage 
rate may be expressed in percentage, or per million of popula- 
tion, the foreign trade in thousands of dollars, or in pounds 
sterling. If the two variables be denoted by x and y, I may just 
as well introduce variables x’, y’ defined by the equations 


(1) x = Ax, y’ = BY, 


where X and yp are arbitrary independent constants. 

B. Problems in which comparison is made between quantities 
that can be expressed in the same units. For instance heights 
of fathers and heights of sons, age of husband and age of wife. 
Here the only reasonable change in the variables x and y is 
the same change of scale 


x’ y’ = dy, (A constant). 


C. To this type B, belong also problems in which the x and y 


* Presented to the Society, September 6, 1928. 

{ Areference has been made by N. Wiener, Harmonic analysis and quantum 
theory, Journal of the Franklin Institute, vol. 207 (1929), pp. 525-534; particu- 
larly p. 531. 
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are mere coordinates, as the study of bullet holes in a target 
or the measurement of stars on photographic plates. As in 
the previous problem, the coordinates x and y are generally 
taken as rectangular coordinates, and they then allow the addi- 
tional transformation (a rotation of angle a) 


x’ = xcosa + ysina, 


y’ = — xsina + ycosa. 


3. The First Group. Let there be N points in the diagram, 
each with coordinates (x,, y,). Write 


1 1 
N > y = N yn, 
No? = > é2, Novy Denn, No} Lae, 


9 


and let ¢, and a, be the positive root of ¢,7 and a,”. The elemen- 
tary theory of correlation is the theory of invariants of the 
matrix 


Or Oxy 


| 
| 
Ory 
under the given groups of transformations. 
Take first the given affine transformation (1). Here 
#=di, = 


a 
Or = NOx, Sry = AMOry, Ty = My. 


The point (Z, ¥) has therefore a geometric meaning: the mean 
of the distribution. The simplest rational invariant, is 


r= = 7? 
The number 
T => 


is also invariant and may be positive or negative depending 
on gz,. It is the correlation coefficient. It can easily be shown 
that 


= 
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Invariant lines in the figure are 

(a) those connecting the mean with the points (x,,y,); 
(b) the lines through the mean parallel to the x and y axes; 
(c) the lines 


Try Gy 
Oz z 
Oxy Oy 


These lines are regression lines. They are generally defined 
as the lines through the mean for which the sum of the squares 
of the distances of the points (x, y) to the line, measured in direc- 
tion parallel to the x and y axes, is a minimum. This is also an 
affine definition, invariant under transformations (A).* 


4. Central Meaning of r. Every function of oz, oy and Ozy 
invariant under the transformations (1) is a function of r. In- 
deed, such a function satisfies the condition 


2, MO ry) = Fy, 
By a change of variables of functional determinant #0 


Oxy 


= 
= 02, Oy = Oy, r= 


This takes the form 
(Ao 2, Moy, = Sy, r), 


so that @ as a function of o, and oa, is independent of those 
variables, which proves the theorem. Now r (or 1/r) is the 
simplest of those functions; in the practice of statistics it is to 
be preferred to Cr( or C/r), C a constant 40, because 7 runs 
from —1 to +1. A line through the mean of invariant charac- 
ter, depending only on oz, oy, dzy, must have the equation 


n = aé, 


* The equation (in our geometric representation) of one regression line can 
be found in Laplace, Théorie Analytique des Probabilités, p. 318 and p. 326 of 
his Oeuvres, vol. 7 (ed. 1886). Laplace gets it, however, from considerations 
on errors of observation; he does not take two equivalent sets of variables as 
in the theory of correlation. 
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where a is a function of 2, oy, zy which is transformed as follows: 


Therefore 


— = = a pure function of r = ¢(r), 
oy Ty 


so that 
Oy 
a = —9¢(r). 
Oz 
For 


d(r)=r and  ¢(r)=1/r 


we find the regression lines. Their equation is the simplest of 
those in which oz, enters. 


5. The Correlation Ellipses. The regression lines and the lines 
parallel to the x and y axes form an involution. We arrange 
these lines in such a way that £=0 is conjugate to 

1 


and 7=0 is conjugate to 


— rt. 
Ox 


Then the equation of the involution is 


2 
Try Oy 


oz 


The double lines of this involution are imaginary and asymp- 
totes of the ellipses 


Oy Cy 


or 
— + 027° = const. 


a=>—a. i 
| 
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In such a way the correlation ellipses are obtained. Their 
equation in line coordinates 1, v is 


o2u? + 20,,uv + = const. 


The regression lines are the lines conjugate to the axis direc- 
tions with respect to the correlation ellipses. 

The arrangement of the four lines in pairs is arbitrary. But 
the two other combinations would lead either to a set of conic 
sections without ¢., in their equation or to a set with equation 
obtainable from the equation of the correlation ellipses by 
changing 7 into 1/r. This last set has real asymptotes and their 
equation is 


2 2 2 
+ : = const. 


The conic sections form a set of hyperbolas. The condition r 
=0 leads here to asymptotes parallel to the x and y axes. The 
equation of the correlation ellipses in line coordinates shows, 
however, that the first curves are the natural ones. (See §8.) 


6. The Second Group. In problems of type B, all invariants 
of problem A remain invariants. There are, however, new ones. 
To these belong, in particular, the symmetry axes of the corre- 
lation ellipses. This is geometrically obvious, as our only trans- 
formations are similarity transformations that keep the x and 
y axes in their place. It can easily be verified that the angle 
which the axis of symmetry make with the x axis is determined 
by the equation 


2r 


and this expression is unaltered by the transformation 
x’ = dy. 


If the x and y axes are orthogonal, the symmetry axes of the 
correlation ellipses are also defined by the property that the 


1 1 
ao? 
tan 20 = —————_» 
|_| 
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sum of the squares of the orthogonal distances of the points 
(xn, ¥n) to this line is a minimum. In fact, let 
y=mxe+n 
be the line satisfying this property; then 
(yi — mx, — n)? 


o(m, n) = 


must have a minimum value. This gives 


or 
> (m? + — mx, — + — mx, — n)?m = 0, 
(m? + — mx, — n) = 0. 
These equations give 
—n = 0, 


which shows that the line must pass through the mean and 


m Pu 
=> 
1—m 
which, by means of the substitution 
2m 
tan 20 = ’ 
1 — m? 


passes into the previous equation for tan 26.* 

If the x and y axes are not perpendicular to each other, the 
symmetry axes do not lose their invariant character. They are, 
however, not the lines corresponding to the symmetry axes in 
the case that x and y are plotted orthogonally. The symmetry 
axes pass into lines that can easily be determined by an affine 
transformation from the figure in orthogonal axes, if the direc- 
tion and scale of the old and new x axes coincide, and the 
direction and scale of the new y axis are given. 


* See, for example, K. Lundmark and W. J. Luyten, On the determination 
of the colour-equivalent of a star, etc., Monthly Notices of the Royal Astronomi- 
cal Society, vol. 82 (1922), pp. 495-509; particularly p. 505. 


0g 
—=0, — 
om on 
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7. The Third Group. In problems of type C the invariant 
lines and numbers are those of type B that remain invariant 
under a rotation of the axes. That means that in such a diagram 
the symmetry axes, depending only on the position of the points 
(xn, Yn) with respect to the mean, keep an invariant meaning.* 
But regression lines and coefficient of correlation have no mean- 
ing in this case, as they depend on the choice of x and y axes. 
The quantity 


0:2 — 020; 


is an invariant under rotation, but not under a change of scale. 
The equation has therefore an invariant meaning (perfect cor- 
relation). 


8. Partial Correlation. In problems with more variables we 
have analogous properties.| In type A, the variables x1, x2, 


X3, °° *,X, are affected in this way through a change of scale 
= Xe = 13 = Xn = AnXa, 
where Ax, As, Az, An are constants. 


The object of the elementary correlation theory is here the 
matrix 


O11 012° Fin 

O22 °° * 
| 
| 

Onn 


where 
1 
— — F), 
# = — Don, (sum on all points). 


The elements of the correlation matrix are transformed by the 
formula 


* See, for example, J. L. Coolidge, Am Introduction to Mathematical Prob- 
ability, Oxford, 1925, p. 144. 

¢ See, for example, Yule, An Introduction to the Theory of Statistics, 6th 
ed., 1922. 
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Cit = 
An invariant expression is the form 
+ + = (sum onallj, k), 
where u; are hyperplane coordinates, so that 
+ + --- + XU, = 1 


represents the equation of a hyperplane in the x, x2,---, 
x, space. The hypersurfaces 


+ + --- + = const. 


represent the correlation quadrics in hyperplane coordinates. 
In point coordinates, taken from the mean, £1, £,---, &,, they 
have the equation 


0 
O11 712 Tin 
712 
= const. 


The rank of the matrix determines the shape of the correlation 
quadric. 

The regression hyperplanes* are the hyperplanes conjugate to 
the coordinate axes with respect to these quadric surfaces. They 
are m in number, and their equations are obtained by replacing 
one row of o’s in the determinant of the o’s and equating the 
result to zero, for instance, 


| O12 O22 

| = 
| 


* See Laplace, Théorie Analytigue des Probabilités, ed. 1886, p. 327, etc. 
Laplace, however, only deals with errors of observations, not with equivaient 
sets of variables. 
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If we call 2;, the minor of 0; in the determinant of the o’s 
this equation takes the form 


Liki + Like + --- + Ling. = 0. 
The partial correlation coefficients are of the form 
Lik 
(2 
The transformation formulas for the 2’s are of the form 


ik APAZ --- 


ik 


from which the invariant character of 7;, immediately follows. 
The sum of the squares of the distances from the points to 
the regression planes is in the case of the plane mentioned 
above 


O12 

> 1 —ingn In nn 
Dit 022 * 

* Onn 


All functions of the oj, invariant under the given affine transfor- 
mation are functions of the r;x. 

Indeed there are n(m+1)/2 quantities and n(m—1)/2 
independent quantities 7;,. Since we have 


n(n+1) n(n — 1) = 
2 


we can introduce into every function of the quantities oj, 
the rj, as new independent variables, leaving the quantities 
o;(j7=1,---, m) unchanged. In the new function the quanti- 
ties o;; change independently, so that invariance of that func- 
tion means independence of the quantities o;;, and therefore 
only dependence on the quantities 7x. 


n, 


— 
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As dual partial correlation coefficient we might take the in- 
variant numbers 
Ojk 


(0 


All invariant functions of the quantities oj, are also functions 
of the quantities pj, only. But the quantities p;, have not the 
simple relation to the regression hyperplanes. 

In problems of type B in more variables the symmetry axes 
of the correlation quadric come into consideration. 

In problems of type C the regression planes and the corre- 
lation coefficients lose their sense, but not the symmetry axes. 
Here the theory becomes the well known theory of quadratic 
matrices under orthogonal substitutions with the unessential 
modification that similarity transformations are also per- 
mitted. 


Pik 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


NOTE ON THE EXISTENCE OF A POSITIVE FUNCTION 
ORTHOGONAL TO A GIVEN SET OF FUNCTIONS* 


BY N. H. MccoyT 


Let the finite set of functions: 
fa), fal), >, 

be continuous and linearly independent on the closed interval 
X, (a¢<x<b). With reference to this set of functions, L. L. 
Dinesf has shown the equivalence of the following properties: 

(A) Every linear combination of the functions changes sign 
on X. 

(B) There exists a positive continuous function orthogonal to 
each function of the set on X. 
A sufficient condition for the set {f,(x)} to have properties 
(A) and (B) has also been given by Dines.§ It is in a form 


* Presented to the Society, September 11, 1930. 

+ National Research Fellow. 

t A theorem on orthogonal functions with an application to integral inequali- 
ties, Transactions of this Society, vol. 30 (1928), pp. 425-438. 

§ On completely signed sets of functions, Annals of Mathematics, vol. 28 
(1926), pp. 393-395. 
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easily recognized when it is satisfied and in this case the positive 
function whose existence is asserted by (B) may be determined 
without difficulty. The primary purpose of this note is to give 
two other conditions of a different type either of which is suffi- 
cient to assure the presence of properties (A) and (B). 

Let 


and consider the matrix, 
(1) | 
Fi (x)---Fi (x) 
q1) ‘m) 


Fa (2) Fe” (x) | 


Sm(x) FS (x) il 
Denote by (—1)**'D,(x) the determinant of the matrix ob- 


tained from this matrix by striking out the kth column. We 
shall prove the following theorem. 


THEOREM 1. [f there exists a value of x on X for which D,(x), 
D2(x), -- > ,Dm+4i(x) are all different from zero and of the same 
sign, then the set {f;(x)} has properties (A) and (B). 


Let x; be a value of x satisfying the condition of the theorem. 
Suppose property (A) is not present. There then exists a set 
of real constants c;(i=1,2, - - - ,m) not all zero such that 


(1) ci fi(x) + cofe(x) + --- + Cmfm(x) >’ 0, (x on X), 


where the symbol >’ is to be read “is somewhere greater than 
and nowhere less than.” The function on the left of (1) is a 
non-negative function of x and if we integrate it from a to x we 
get a function with the same property. That is, 


(2) oF; (x) + (x) +--+ + (x) >’ 0, (x on X). 
By repeating this process of integration we find, 
(x) + (x) +--+ + enn (x) >? 0, 
(2) + (2) +--+ (x) >’0, 


= 
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If we substitute the particular value x =x, in (1), (2) and (3), 
we have 
LesF; (x) = 0, (k = 0,1,2,---,m), 
j=1 
where for convenience we let f;(x) = F;(x). Hence the set of 
algebraic inequalities, 


m 


(4) (x) = 0, 


has a solution for the c’s, namely c;=c;,(t=1,2,---,m). The 
rank of the matrix of the coefficients is m since D;,(x;) <0. 
Hence the set (4) can not have a non-trivial solution for the 
case where the equality sign holds throughout, and there there- 
fore exists a solution where the inequality sign holds in at least 
one instance. It follows by a known theorem* that the asso- 
ciated set of equations, 


(5) DF; = 0, Gj = 1, 2, m), 
k=0 


does not have a definitet solution. But we have 


and they do have a definite solution as the D;(x:) are all dif- 
ferent from zero and of the same sign. This contradiction proves 
that the set {f;(x)} has the property (A) and thus completes 
the proof of the theorem. 

The determinants D;(x) are special cases of the general 
determinant of order m, 
(ks) 


F(x) = 2 


(x) - - (x)) 


pro (ke) 


Fy (x) Fa (2) - 
where G=12, - 


— Dines, L. L., Note on certain associated systems + of li linear esiinins and 
inequalities, Annals of Mathematics, vol. 28 (1926), pp. 41-42. 

t A solution (y1, y2, - - - , ¥m41) is said to be a definite solution if each y is 
different from zero and they are all of the same sign. 


= 
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THEOREM 2. If fi(x), fe(x),---, fm(x) possess derivatives of 
order r, then 
d'F 
= 0, [r= 0,1,2,---, + — 19/2) 1] 
x” z=a i=1 


Since d F(x) /dx may be expressed as a sum of m determinants 
obtained from F(x) by differentiating the elements of each 
column in succession we see that when F(x) is written in the 
notation (F,‘#1) (x) --- Fm‘*m(x) ), the derivative of 
F(x) satisfies the same formal rules as the ordinary derivative 
of a product of m functions. Hence we have 


d'F(x) 
6 
(6) 


We here interpret F7*(x) (s>0) as d*f(x)/dx*. 
Now F; (x) vanishes at x=a for s>0. Further if any two 
of the numbers 


are equal, the corresponding term in (6) vanishes as two 
columns of the determinant are identical. Let r’ be the value 
of r for which the sequence 


ke—te,---, Rm—tm 

is identical except possibly for order with the sequence 
0, —1, —2,---, —(m-1), 

that is, 


ki-+m(m—1)/2. 
i=1 


Then d’’F(x)/dx"’ does not necessarily vanish at x=a. If 
r<r’, then d’F(x)/dx* does vanish at x=a as we find in each 
determinant of (6) either a column of zeros or two columns 
alike. This completes the proof of the theorem. The follow- 
ing corollary results immediately. 


= 
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CoROLLARY. If 


fi(x), folx), - 


are polynomials in x, then D,(x) has x—a as a factor of order 
m*?—k+1. 

The sufficient condition for the presence of properties (A) 
and (B) as given by Theorem 1 involves the finding of a single 
value of x satisfying a certain condition. We give now a test 
of a different form which involves finding m+1 distinct values 
of x satisfying a given condition. 

Let 


be distinct values of x on X and let (—1)**+! B, denote the 
determinant obtained by striking out the kth column from 
the matrix: 


1, 2, J 1, 2, + 1). 
We have then the following theorem. 


THEOREM 3. If there exist m+1 distinct values of x on X such 
that the determinants B,(k=1,2,---,m+1) are all different 
from zero and of the same sign, then the set { fi(x)} has properties 
(A) and (B). 

This theorem may be proved in a manner similar to the proof 
of Theorem 1. 


THE UNIVERSITY OF Iowa 
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NUMBERS OF REPRESENTATIONS IN CERTAIN 
SENARY QUADRATIC FORMS* 


BY E. T. BELL 


1. Simplicity of Number of Representations. We first recall 
a definition from previous papers.t Let N[n=f] denote the 
number of matrices (x, y, z,---) of integers x, y, 2,---, 
each 20, such that n=f(x, y, 2, --- ); namely, N[n=f] is the 
number of representations of m in the form f. If N[n=f] is a 
polynomial in the real divisors of n alone, N[n=f] is called 
simple, otherwise, compound. It is an interesting problem to 
determine those quadratic forms f in r variables for which 
N|[n=f] is simple, also the lightest restrictions that must be 
imposed upon 7 in order that a compound N[n=f] shall be 
simple for the restricted values of m. For example, if f is a sum 
of 10 squares, N[n =f] is compound if n is an arbitrary positive 
integer, but N [4n+3 =f] is simple, a theorem due to Eisenstein. 
By the means illustrated in the present paper, I have found 
numerous particular solutions of the above problem, also 
several general theorems (notably relating to sums of squares). 

Write for a moment 


x? + ay? + bz? + cw? + du? + ef? = (1, a, b, c, d, e). 


It has long been known that the number of representations of 
n in (1,1,1,1,1,1) is simple, where 7 is any integer >0. We shall 
find that the like holds for each of the 5 forms (1,1,1,1,1,4), 
(1,1,1,1,4,4), (1,1,1,4,4,4), (1,1,4,4,4,4), (1,4,4,4,4,4), with the 
single exception of the case m=m=1 mod 4, in which the num- 
ber of representations in each of the 5 forms can easily be re- 
duced to a polynomial in the real divisors of m plus a constant 
multiple of the number of representations of m(=1 mod 4) in 


+ y? + + w? + + 167. 


* Presented to the Society, April 5, 1930. 

t See in particular, a paper on quinary forms in the 1930 volume of the 
American Journal of Mathematics. The results quoted for 5 squares will be 
found in the same journal, vol. 42 (1920), pp. 185-186. These references cover 


§2. 


884 E. T. BELL [Dec., 


I have not succeeded in proving or disproving that the last 
number is simple. The summary is in §3. 

Before proceeding to the discussion, two remarks may be 
made. First, it is clearly unnecessary, as done here, to refer to 
results which were first deduced from identities between elliptic 
theta constants; all can be obtained by unimodular substitu- 
tions and correspondence from the known theorems for 6 
squares which, as first shown by Liouville, are easily derivable 
from elementary considerations independent of elliptic func- 
tions. But the use of transcendental identities is suggestive and 
perhaps easier. Second, considerations precisely similar to those 
of this paper can be applied to the forms 


(1, 2, 2, 2, 2), 


where each of a, b, - - - , eis one of 0, 1, 2, 3; also, it can be used 
to obtain at least partial enumerations for such forms when one 
or more of a, b, - - - , e exceeds 3. If in (1, a, b, c, d, e), one or 
more of a, b,---, e is divisible by a prime>2, identities be- 


tween theta functions (not merely constants) must be used, if 
the transcendental method is employed. This, however, does 
not concern us here. 


2. Five Senary Quadratics. Let n denote an arbitrary integer 
>0, and m an odd integer>0. Write N,(m) =the number of 
representations of m as a sum of r squares; £,(m) =the excess of 
the sum of the rth powers of all those divisors of m that are=1 
mod 4 over the like sum in which the divisors are=3 mod 4; 
£,’(n) =the excess of the sum of all those divisors of m whose 
conjugate divisors are=1 mod 4 over the like sum in which the 
conjugates are=3 mod 4. Each of x, y, 2, w, u, t is a variable 
integer ranging from — © to ©. Itis clear that x, y,---,¢are 
blanks or “dummies” in N[n=f(x, y,---, )]. The forms f; 
are defined by 


wt wv, 
y+2+ w? + 42’, 

fe = x? + y? + 2? + + 
fs = x? + y? + 42? + 4w? + 42’, 
fa = x? + Ay? + 42? + 4w? + 407. 


1930.] SENARY QUADRATIC FORMS 885 


Hence, obviously, for 7=0,1,---, 4, 
(1) N[n = frist?) = N[n =f; +?) 
+ N[n = + #; t odd], 


since in the representations enumerated on the left ¢ may be 
even (=2t’) or odd, and If 
in (1), the second N on the right is known, and the value of the 
first N on the right is given for 7=0, then (1) is a completely 
solvable difference equation for N[n=fs_;+£]. This is the case 
for the forms with which we shall be concerned. 

Denote by ¢() the number of representations of m as a sum 
of 5 squares, N;(n) =¢(n). 

From the second reference in §1, we have 


(2) m = 3mod 4: >¢(m — 4a”) = — 10£2(m), 

the summation referring toa=0, +1, +2, --- , and continuing 
so long as 4a?<m; 

(3) — 4a*) = (m), 


where, by the notation, m is an arbitrary odd integer >0, and 
> is as in (2), 4a?<2m; 


(4) m=3mod4: Yelm — 45(b + 1)) = « “), 


where > refers to b=0, 1, 2,---, and continues so long as 
4b(b+1) <m. 
From the second reference, we shall require, with j = 0, 1, 2, 3,4, 


1 
(5) m=3mod4: = = — 1)(j + 1)¢(m); 


1 
(6) N[2m = fs] = + 1)d(2m). 


Combining (2) and (5), (3) and (6), (4) and (5), and applying 
(1) to the last pair, we easily find the results summarized in 
§3. For the last, we require also 


No(n) = 4[4&/ () — £2(n)], 


cited from the second reference. 
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3. Summary for the Forms of §2. We find, for j =9, 1, 2, 3, 4, 
the following: 


m = 3mod 4: N[m = + = — 1)(j + 1)&2(m); 
m = 1mod 2: N[2m = fs_; + #] = 2j(7 + 1)&¢ (m); 
n arbitrary: N[4n = fx_; + 2] 
= + 2j8 — — + (n) — 
The second is valid also for 7 =5 if m=1 mod 4; the first holds 
also when 7=5. It will be sufficient to prove the last, as the 


proofs of the others are similar and simpler. 
4. Proofs. From §3 (4), we have at once, on applying (5), 


4 +1 
[m — 4066 +1) = ful = DU + pe : ). 


But here m=4h+3, h20. Hence m+1=4(h+1) =4n, and 
the above is equivalent to 


8 
N[4n = fr; + #;t odd] — 1)(j + (n); 
and hence, by (1), 
8 
Nl[4n = +0] = N[4n 1)(j + (n). 
But we have evidently 
N[4n = #] = N[4n = f, + 447] = Ne(n), 
since in 4n=f;+f, ¢ is necessarily even. Thus 


N[4n = fs + #] = 4[4€/ (n) — &(n)]. 


Taking 7=0, 1, 2, 3, 4 in the above, we find five results which 
are easily stated as the single formula given. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 
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ON THE EXTENSION OF THE GAUSS MEAN-VALUE 
THEOREM TO CIRCLES IN THE NEIGHBORHOOD 
OF ISOLATED SINGULAR POINTS OF 
HARMONIC FUNCTIONS 


BY G. E. RAYNOR 


1. Introduction. Let f(x, y) be a function harmonic in a plane 
region R except at an isolated singular point P in R, and let C, 
be a circle in R with radius 7; and with P as center. In previous 
papers* the writer has shown that in this neighborhood f(x, y) 
can be put in the form 


1 
(1) f(x, 9) = + ®(x, y) + V(x, y), 
wheref 
1 
Das 
2x Jc, On 


r being the distance from (x, y) to P, ®(x, y), unless it be 
identically zero, harmonic in the neighborhood of P and such 
that there exist modes of approach to P for which the sum 
c log (1/r) + tends toward plus infinity and also toward minus 
infinity; and V is harmonic everywhere in the neighborhood of 
P including P. Also on Ci, 6=0. It is to be noticed that the 
constant ¢ may be zero so that ® has the same properties 
ascribed to the sum c¢ log (1/r)+®. 

If a system of polar coordinates (r, 6) be chosen with P as 
pole, ® may be expanded, for r<n, in the formt 


* G. E. Raynor, Isolated singular points of harmonic functions, this Bulletin, 
vol. 32 (1926), p. 543, and Integro-differential equations of the Bécher type, this 
Bulletin, vol. 32, p. 654. : 

t Here, as in all that follows, the normal derivatives are to be taken in the 
direction of the inner normal. 

t G. E. Raynor, Note on the expansion of harmonic functions in the neigh- 
borhood of isolated singular points, Annals of Mathematics, vol. 31 (1930), 
p. 40. We shall refer to this as paper (A). 
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1 m m 
(2) -|(=) (+) cos + sin m 6) 
m=1 1 


where 


®,, 


(3) = — cos bm = 
On On 


sin 


Also the two series 


r 
(4) (ym cos + 6, sin m6) 


m 


r 1 r m 
(5) 0) (=) (Ym cos m6 + 5, sin mé) 


r m=1 


are convergent for all values of 6 and of r<m,* and ® can be 
expressed in the form 


r 
(6) ) +6(%, a). 
r 


Furthermore 


r 0®,, r r2 
ff log | 1 — 2— cos (a — 0) + — 
ry 4nJ_, On ry 
which gives a solution of the Neumann problem for the circle 
C, with boundary values of the normal derivative equal to one- 


half the value of the normal derivative of @ on Ci. The func- 
tion ® also possesses the property 


(7) J sas = 0, 
c 


where C is any circle concentric with C; and of radius r=7. 
In view of this last property it becomes of interest to inquire 
as to the value of 


* Paper (A), p. 40. Note that the definition of G{r/r,} of (21) of paper (A) 
has been slightly changed by inserting a minus sign in the right side of (4). 

+ Paper (A), p. 41; and Goursat, Cours d’Analyse Mathématique, vol. 3, 
3d ed., p. 240. 


and 
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f 
C, 


if C2 lies within C; but does not have its center at P. Of course, 
if Q be the center of C. and P lies without C, we have by the 
Gauss mean-value theorem* 


J = 4(Q), 


2tre/¢c, 


where f2 is the radius of C2. Our purpose then, in this note, is 


to find the value of 
1 
f ds, 
c 


2 


in the case of P within C2. In §3 we shall also examine the 
mean value of f(x, y) over Co. 


2. The Mean Value of &. Let a be the distance of Q from P 
and choose the line PQ as polar axis. Then by (2) 


and hence by (4) 


By Green’s formula, we have for the region bounded by the 
circles C; and C2, 


log r 
f ® — log r—) ds 
Cy on on 


log r 
+ ® — log ~) ds = 0, 
On 


n 


(10) 


where 7 is the distance from a variable point (x, y) on Ci or C2 
to the center Q of C, and the normal derivatives are taken 


* For a statement of the Gauss mean value theorem see Goursat, loc. cit., 
p. 181. 
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toward the interior of our region. Now on Ci, ®=0 and on Cy, 
log r/On=1/re. Furthermore 
—ds = 0.* 
c, On 
Hence, since log r is constant on C2, relation (10) above re- 
duces to 


1 
(11) — @ds = log r—ds, 
T2/¢, C1 n 
or 
(12) — f éds = — log r— dé. 
on 


Now from (1) we have 


Of, OV, 
on on on 


Since f is harmonic on C, the left side of (13) has a derivative 
with respect to 86. Now V may be written as a Poisson integral 
and this integral may be expressed as the sum of a constant 
and the potentiai of a double layer. Since the values of V on C, 
are the values of f on C; diminished by the constant c log (1/7) 
the density of this double layer is analytic on C, and hence V 
is analytic in the closed region bounded by C, and therefore the 
third term on the right of (13) has a derivative with respect 
to 6.7 Since the same is true, obviously, of the first term it 
follows that the second term 0®,,/0n is also differentiable with 
respect to @ and hence is of bounded variation. 0®,,/dn thus 
satisfies the conditions for expansion in a Fourier series and 
furthermore this series will be uniformly convergent in the 
closed interval —z to x. We thus have 
(14) = cos + 5» sin m6), 

on Ts 
where y,, and 6,, are as given in (3). The constant term in 
the expansion of 0®,,/0n is zero since as stated previously 


* See the second paper of the first footnote. 
+t Encyklopadie der Mathematischen Wissenschaften, vol. 2, 3, 1, p. 206. 
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ds = 0. 
on 


1 


It may be pointed out that (14) may be obtained by differ- 
entiating (2) in the direction of the inner normal and then allow- 
ing 7 to approach 1. 

Since log r is bounded on C, it follows from (14) that the 
series 


2 


0®,, = 
(15) logr m log r cos + 6, log r sin 
n m= 


is uniformly convergent on C;. Hence the series may be in- 
tegrated termwise and we have 


(16) =f log r >> E log r cos m6d0 
on T m=1 


5m f log r sin |. 


r? = r2 — 2rja + a’, 


But 


and hence 


1 
(17) log r = logri + log cos + 
1 


Tr 
Now* 
(18) f log(1 — 2—cos?+ cos = — = (=) 
= ry re m 
Also 


a” 
(19) f log (1 cos + sin = 0. 


Hence by (17), (18), and (19), equation (16), since log 7 is 
a constant, takes the form 


* Edwards, The Integral Calculus, vol. 2, p. 306, formula (10). The inte- 
grand in equation (18) above takes the same value in the interval —z to 0 as 
in the interval 0 to z and hence Edwards’ result must be multiplied by 2. 
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(20) log r *d0 = — — (=) Yn = 


Thus equation (12) combined with (20) gives 
1 a 
0), 
Cs ry 
and we can state the following theorem. 


THEOREM 1. The mean value of the function ® of equation (1) 
over a circle C2 within C, having the singular point P in its in- 
terior is equal to the value of the function G{ (r/n), 6} at Q, where 
Q ts the center of Co. 


Since G{(r/n), 6} is harmonic everywhere within C2 its 
value at Q by Gauss’s theorem is its mean value over C2 and 
hence Fheorem 1 can be stated in the form: 


THEOREM 2. The mean value of the function ® over a circle C2 
within C,, having the singular point P in its interior is equal to 
the mean value of the function G{(r/r:), 0} over Co. 


r Ti 
r 


it follows from Theorem 2 that we have the result: 


Since 


THEOREM 3. The mean value of the function G{(r/r), 0} over 
a circle C2 within Ci, having P in iis interior, 1s zero. 


It is to be noticed that the above theorems are true if the 
center Q of C coincides with P. 


3. The Mean Value of f(x, y). If we wish to find the mean 
value of f(x, y) over C2, we must add to the mean value of ® the 
mean values over C; of the first and third terms of equation (1). 
Now the first term c log (1/r) is readily seen from (17) to be 
equivalent to 


ry r? 


a a? 
(21) clog rs tog (1 2— ). 


1930.] GAUSS MEAN-VALUE THEOREM 893 


But we have* 
a a* 
(22) f log (1 — 2— cos 0 + =)an = (. 


Thus the mean value of the first term of (1) over C2 is 
—c log r:. Now the third term V(x, y) is harmonic in C, and as 
stated previously is equal to 


U(x, y) + «log ri, 


where U(x, y) takes the same values on C; as f(x, y). Hence 
the mean value of V(x, y) over C2 is equal to 


U(Q) + «log ni. 


We thus find the mean value of the sum of the first and third 
terms of (1) to be U(Q). Combining this result with the theorem 
of the previous section we have the theorem: 


THEOREM 4. The mean value of the function f of equation (1) 
over Cz is equal to U(Q) plus the value of the function 


= — log [ 1-2" cos (a — + 
4nJ_, On re 
at Q, where U is the function which solves the Dirichlet problem} 
for C; with boundary values f, and G{(r/r:), 0} is a solution of 


the Neumann problem for C, with boundary values of the normal 
derivatives equal to one-half the normal derivatives of ® on Cy. 


It is to be noticed that if P is not a singular point, the above 
theorem reduces to the Gauss mean-value theorem. 
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* Edwards, loc. cit., p. 306, formula (9). The integrand in (22) above 
takes the same values in the interval —z to 0 as in the interval 0 to a and 
hence Edwards’ result gives zero for (22). 

{ For a statement of the Dirichlet problem see Goursat, loc. cit., p. 196. 
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A NOTE CONCERNING CACTOIDS* 
BY J. H. ROBERTST 


A cactoidt M is a bounded continuous curve lying in space of 
three dimensions and such that (a) every maximal cyclic curve§$ 
of M is a simple closed surface and (b) no point of M lies in a 
bounded complementary domain of any subcontinuum of M. 
There exists a bounded acyclicij continuous curve C such that 
every bounded acyclic continuous curve is homeomorphic with 
a subset of C. Now Whyburn has shown { that with respect 
to its cyclic elements every continuous curve is acyclic. More- 
over the cyclic elements of a cactoid are either points or topo- 
logical spheres. Thus this question naturally arises: Does 
there exist a cactoid C such that every cactoid is homeomorphic 
with a subset of C? The object of the present paper is to 
answer this question negatively. 


THEOREM 1. There does not exist a cactoid C such that every 
cactoid is homeomor phic with a subset of C. 


Proor. Let g be any infinite set of distinct positive integers 
d, dz, d3, - - -. Let K denote a non-dense perfect point set on 
the interval 0<x<1 containing the end points of this in- 
terval. The complementary segments of K can be labeled 


* Presented to the Society, April 18, 1930. 

+ National Research Fellow. 

t See R. L. Moore, Concerning upper semi-continuous collections, Monats- 
hefte fiir Mathematik und Physik, vol. 36 (1929), p. 81. 

§ For a definition of this term, and of the term cyclic element, see G. T. 
Whyburn, Concerning the structure of a continuous curve, American Journal of 
Mathematics, vol. 50 (1928), p. 167. 

|| See T. Wazewski, Sur les courbes de Jordan ne renfermant aucune courbe 
simple fermée de Jordan, Annales de la Société Polonaise de Mathématique, 
vol. 2 (1923), p. 57. See also Menger, Uber allgemeinen Kurventheorie, Funda- 
menta Mathematicae, vol. 10 (1926), p. 108. In his paper On continua which 
are disconnected by the omission of any point and some related problems, Monats- 
hefte fiir Mathematik und Physik, vol. 35 (1929), p. 136, W. L. Ayres extends 
this result to unbounded acyclic continuous curves. An acyclic continuous 
curve is one which contains no simple closed curve. 

Loc. cit., pp. 167-194. 
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$i;(t, 7=1, 2, 3, - --) in such a manner that for every 7’ and 
every two distinct points U and V of K there is a j such that 
the segment s;; is between U and V. For each 7 and j there 
exists a continuum M;; which is the sum of d; spheres 
A;,A2,-+-, Aa;, where a diameter of A;.(R<d;) isa subset of 
the interval $;;, A, and Ax.4: are tangent externally, and A, and 
Aa; respectively contain the end points of s;;. Let G, denote the 
collection whose elements are the continua M;;(i,7 =1, 2,3, - - -) 
and those points of K which do not belong to any continuum 
M;;. Then G, is an upper semi-continuous collection, ard is 
an arc with respect to its elements. Moreover, for each 7 the 
elements of G, which are the sum of d; spheres form a set which 
is everywhere dense on this arc. Let C¥* be the point set 
K+>07_.>7.,Mi;. Then C¥ is a cactoid. Let P and Q denote 
the end points of the interval O<x<1. Then it is easy to see 
that if D is any point of C* other that P and Q, there exist 
in C* arcs PD and QD which have only D in common. Ob- 
viously also if gi: and ge are two infinite sets of distinct positive 
integers and g; contains an integer not in gz then C,* and C,* 
are not homeomorphic. Now there exists an uncountable 
collection (g) such that each element of (g) is an infinite set of 
distinct positive integers, and for each two elements g; and ge 
of (g) there is an integer which belongs to one of them but not 
to the other. 

Suppose C is a cactoid such that every cactoid is homeo- 
morphic with a subset of C. Then for each element g of (g) the 
set C contains a cactoid C, which is homeomorphic with the 
cactoid C¥* defined above. Let P, and Q, be the points of C, 
which correspond to the points P and Q under a transformation 
throwing C#* into C,. As (g) is uncountable it is easy to see 
that there exists an infinite sequence g1, ge, g3, - - - , of elements 
of (g) such that P,, and Q,,, respectively, are sequential limit 
points of the sequences P,,, P,,, Py, ---, and Qos; 
As Cis a continuous curve and P,,~Q,,, there exists 
an n(m>1) such that C containsarcs P,,P,, and Q,,0,, which 
have no points in common. Suppose C,, contains a point D 
(distinct from P,, and Q,,) which does not belong to C,,. Now 
C,, contains arcs P,,D and Q,,D having only D in common. 
Hence there exists an arc XDY in C with only X and Y in 
C,,- There exists an arc XBY which is a subset of C,,. As the 
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maximal cyclic curves of C are spheres it follows that the 
simple closed curve XDYBX is a subset of a sphere S which 
belongs to C. Now the arc XBY contains a subarc which is a 
subset of a sphere T belonging to C,,. Then S and T have 
more than one point in common, and hence are identical. Then 
C,, contains D, contrary to supposition, whence C,, is a subset 
of C,,. Likewise C,, is a subset of C,,. As this is impossible 
we see that the above supposition has led to a contradiction 
and the theorem is proved. 

In glancing over the proof one can see that the only property 
used of the topological sphere (which is not also a property of 
every compact, cyclicly connected continuous curve) is that it 
is not homeomorphic with a proper subset of itself. Thus the 
proof suffices for the following theorem. 


THEOREM 2. If M is a class of compact continuous curves 
whose maximal cyclic curves are homeomorphic but no one 1s 
homeomorphic with a proper subset of itself, then there is no 
universal curve of class M; that is, no curve C of class M such 
that every curve of class M is homeomorphic with a subset of C. 


THE UNIVERSITY OF PENNSYLVANIA 
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der Mechanik und Physik. Herausgegeben von P. Frank und R. von 
Mises. 2te vermehrte Auflage. Band 1. Braunschweig, Vieweg, 1930. 
24+916 pp. 

ROsMANITH (G.). Mathematische Statistik der Personenversicherung. Leipzig, 
Teubner, 1930. 6+141 pp. 

SERVIEN (P.). Les rythmes comme introduction physique de l’esthétique. 
Paris, Boivin, 1930. 208 pp. ; 

SHACKEL (R. G.). Heat, light and sound. London and New York, Longmans, 
1930. 8+472 pp. 

Tenot (A.). Turbines hydrauliques et régulateurs automatiques de vitesses. 
Livre 1. Paris, Eyrolles, 1930. 573 pp. 

Tuomas (O.). The heavens and the universe. Translated by B. Miall. London, 
Allen and Unwin, 1930. 288 pp. 

DE LA VILLEMARQUE (E.). Tables pour observations 4 Il’astrolabe 4 prisme. 
Observatoire, Zi-ka-Wei, China, 1930. 

WEBER (H.). See RrEMANN (B.). 
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READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND SUBSEQUENTLY 
PUBLISHED, INCLUDING REFERENCES TO THE PLACES OF PUBLICATION 


AGNEW, R. P. On uniform summability of sequences of continuous functions. 
Read April 18, 1930. This Bulletin, vol. 36, No. 8, pp. 529-532; Aug., 1930. 

—— The behavior of bounds and oscillations of sequences of functions under 
regular transformations. Read April 18, 1930. Transactions of this So- 
ciety, vol. 32, No. 4, pp. 669-708; Oct., 1930. 

ALBERT, A. A. Normal division algebras in 4p? units, an odd prime. Read 
Dec. 27, 1928. Annals of Mathematics, (2), vol. 30, No. 4, pp. 583-590; 
Oct., 1929. 

—— The structure of any algebra which isa direct product of rational general- 
ized quaternion division algebras. Read March 30, 1929. Annals of 
Mathematics, (2), vol. 30, No. 4, pp. 621-625; Oct., 1929. 

—— Determination of all normal division algebras in thirty-six units of type 

R:. Read Dec. 27, 1928. American Journal of Mathematics, vol. 52, No. 2, 

pp. 283-292; April, 1930. 

On the structure of pure Riemann matrices with non-commutative 

multiplication algebras. Read Oct. 26, 1929. Proceedings of the National 

Academy of Sciences, vol. 16, No. 4, pp. 308-312; April, 1930. 

—— On direct products, cyclic division algebras, and pure Riemann matrices. 

Read April 18, 1930. Proceedings of the National Academy of Sciences, 
vol. 16, No. 4, pp. 313-315; April, 1930. 

New results in the theory of normal division algebras. Read Dec. 27, 
1929. Transactions of this Society, vol. 32, No. 2, pp. 171-195; April, 1930. 
—— The non-existence of pure Riemann matrices with normal multiplication 

algebras of order sixteen. Read Dec. 27, 1929. Annals of Mathematics, 
(2), vol. 31, No. 3, pp. 375-380; July, 1930. 

——— The integers of normal quartic fields. Read Dec. 27, 1929. Annals of 
Mathematics, (2), vol. 31, No. 3, pp. 381-418; July, 1930. 

—— A necessary and sufficient condition for the non-equivalence of any two 
rational generalized quaternion division algebras. Read Feb. 22, 1930. 
This Bulletin, vol. 36, No. 8, pp. 535-540; Aug., 1930. 

ALTSHILLER-CourtT, N. On five mutually orthogonal spheres. Read Sept. 6, 
1928. Annals of Mathematics, (2), vol. 30, No. 4, pp. 613-620; Oct., 1929. 

—— La sphére de Longchamps: une définition. Read Dec. 27, 1928. L’En- 
seignement Mathématique, vol. 39, Nos. 1-3, pp. 31-34; Aug., 1930. 

ARCHIBALD, R. C. Mathematics before the Greeks. Read Dec. 30, 1929. 
Science, new ser., vol. 71, No. 1831, pp. 109-121; Jan. 31, 1930. 

ARNOLD, H. E. Concerning the rational curves R (IJ) and R:*. Read Oct. 
27, 1928. American Journal of Mathematics, vol. 52, No. 3, pp. 601-606; 
July, 1930. 
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Ayres, W. L. Concerning continuous curves in metric space. Read Sept. 9, 
1927. American Journal of Mathematics, vol. 51, No. 4, pp. 577-594; Oct., 
1929. 

—— Continuous curves homeomorphic with the boundary of a plane domain. 
Read March 30, 1929. Fundamenta Mathematicae, vol. 14, pp. 92-95; 
1929. 

—— On continuous images of a compact metric space. Read Aug. 30, 1929. 
Fundamenta Mathematicae, vol. 14, pp. 334-338; 1929. 

—— On the density of the cut points and end points of a continuum. Read 
Aug. 30, 1929. This Bulletin, vol. 36, No. 10, pp. 659-667; Oct.,1930. 

Bascock, R. W. Thermal convection. Read April 11, 1925. Physical Review, 
(2), vol. 35, No. 7, pp. 1008-1013; April 15, 1930. 

BALLANTINE, J. P. A graphical derivation of Cramer’s rule. Read June 20, 
1929. American Mathematical Monthly, vol. 36, No. 8, pp. 439-441; Oct., 
1929. 

BamrortH, F. R. Surface transformations. Read Dec. 27, 1929. Transactions 
of this Society, vol. 32, No. 3, pp. 417-450; July, 1930. 

BAMFoRTH, F. R., and Birkuorr, G. D. Divergent series and singular points 
of ordinary differential equations. Read March 29, 1929. Transactions of 
this Society, vol. 32, No. 1, pp. 114-146; Jan., 1930. 

BARNETT, I. A. The transformations generated by an infinitesimal projective 
transformation in function space. Read April 6, 1928. This Bulletin, 
vol. 36, No. 4, pp. 273-276; April, 1930. 

Basoco, M. A. On certain finite sums of binomial coefficients and gamma 
functions. Read April 5, 1930. American Mathematical Monthly, vol. 37, 
No. 5, pp. 241-245; May, 1930. 

BATEMAN, H. Some properties of spherical harmonics. Read June 20, 1929. 
This Bulletin, vol. 36, No. 4, pp. 306-314; April, 1930. 

BaTEN, W. D. Simultaneous treatment of discrete and continuous probability 
by use of Stieltjes integrals. Read Nov. 30, 1929. Annals of Mathematical 
Statistics, vol. 1, No. 1, pp. 95-100; Feb., 1930. 

—— The evaluation of certain definite integrals by the use of probability 
functions. Read Aug. 29, 1929. This Bulletin, vol. 36, No. 6, pp. 433- 
440; June, 1930. 

BELL, C. In- and circumscribed sets of planes to space curves. Read Nov. 29, 
1929. This Bulletin, vol. 36, No. 6, pp. 409-412; June, 1930. 

——— Polygons jointly related to the rational cubics and other curves. Read 
June 20, 1929. Annals of Mathematics, (2), vol. 31, No. 3, pp. 344-346; 
July, 1930. 

BELL, E. T. A class of polynomials and rational functions in eight variables. 
Read Dec. 31, 1928. Téhoku Mathematical Journal, vol. 31, Nos. 3-4, 
pp. 321-329; Aug., 1929. 

—— Theorems on total representations as sums of square or triangular num- 
bers. Read June 20, 1929. American Mathematical Monthly, vol. 36. 
No. 8, pp. 424-426; Oct., 1929. 
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On the representations of 4t+-2 as a sum of 4s squares. Read June 20, 
1929. Journal of the London Mathematical Society, vol. 4, No. 4, pp. 279- 
284; Oct., 1929. 

—— Numbers of representations of integers in a certain triad of ternary 
quadratic forms. Read Nov. 29, 1929. Transactions of this Society, vol. 32, 
No. 1, pp. 1-5; Jan., 1930. 

—— Numbers of representations in certain quinary quadratic forms. Read 
Nov. 29, 1929. American Journal of Mathematics, vol. 52, No. 2, pp. 271- 
279; April, 1930. 

—— Three degeneracies in the theory of ternary quadratic arithmetical forms. 
Read Nov. 29, 1929. Annals of Mathematics, (2), vol. 31, No. 2, pp. 190- 
192; May, 1930. 

—— A correspondence between irregular fields. Read April 5, 1930. This 
Bulletin, vol. 36, No. 5, pp. 415-419; June, 1930. 

—— The real unit segment as a number field. Read April 5, 1930. American 

Journal of Mathematics, vol. 52, No. 3, pp. 548-550; July, 1930. 

Analytic functions in the irregular field of all numerical functions. Read 

April 5, 1930. Transactions of this Society, vol. 32, No. 4, pp. 869-878; 

Oct., 1930. 

—— Numbers of representations in certain senary quadratic forms. Read 

April 5, 1930. This Bulletin, vol. 36, No. 12, pp. 883-886; Dec., 1930. 


BEnTon, T. C. A definition of an unknotted simple closed curve. Read March 
30, 1929. This Bulletin, vol. 36, No. 6, pp. 406-408; June, 1930. 

On continuous curves which are homogeneous except for a finite number 
of points. (Second part.) Read Oct. 29, 1927, and Oct. 27, 1928. Funda- 
menta Mathematicae, vol. 15, pp. 38-41; 1930. 


BirkHorF, G. D. See BAMFoRTH, F. R. 


Buss, G. A. An integral inequality. Read March 29, 1929. Journal of the 
London Mathematical Society, vol. 5, No. 1, pp. 40-46; Jan., 1930. 


Bivue, A. H. On the structure of sets of points of classes one, two, and three. 
Read Dec. 30, 1929. Mathematische Annalen, vol. 102, No. 4, pp. 624- 
632; Dec., 1929. 


BLUMBERG, H. On a complete characterization of the set of points of un- 
bounded grade of an arbitrary surface. Read April 16, 1927. This Bulletin, 
vol. 36, No. 10, pp. 655-658; Oct., 1930. 

—— Methods in point sets and the theory of real functions. Read April 18, 
1930. This Bulletin, vol. 36, No. 12, pp. 809-830; Dec., 1930. 


BRENKE, W.C. On polynomial solutions of a class of linear differential equa- 
tions of the second order. Read Nov. 26, 1927, and Dec. 1, 1928. This 
Bulletin, vol. 36, No. 2, pp. 77-84; Feb., 1930. 


Brown, A. B. Relations between the critical points of a real analytic function 
of m independent variables. Read June 20, 1929. American Journal of 
Mathematics, vol. 52, No. 2, pp. 250-270; April, 1930. 

— Coalescence of parts of a complex. Read April 18, 1930. Proceedings of 
the National Academy of Sciences, vol. 16, No. 6, pp. 401-406; June, 1930. 


E 

| 


904 THIRTY-NINTH ANNUAL LIST OF PAPERS [Dec., 


— An extension of the Alexander duality theorem. Read June 20, 1930. 
Proceedings of the National Academy of Sciences, vol. 16, No. 6, pp. 407- 
408; June, 1930. 

—— Relations between the critical points and curves of a real analytic func- 
tion of two independent variables. Read Oct. 26, 1929. Amnals of Mathe- 
matics, (2), vol. 31, No. 3, pp. 449-456; July, 1930. 


Browne, E. T. On the signature of a quadratic form. Read March 30, 1929. 
Annals of Mathematics, (2), vol. 30, No. 4, pp. 517-525; Oct., 1929. 

On the separation property of the roots of the secular equation. Read 
Sept. 11, 1930. American Journal of Mathematics, vol. 52, No. 4, pp. 843- 
850; Oct., 1930. 

— The characteristic roots of a matrix. Read Sept. 11, 1930. This Bulletin, 
vol. 36, No. 10, pp. 705-710; Oct., 1930. 


BucHANAN, D. Periodic orbits in the problem of three bodies with repulsive 
and attractive forces. Read June 20, 1930. American Journal of Mathe- 
matics, vol. 52, No. 4, pp. 899-913; Oct., 1930. 


BucHANAN, H. E. Ona certain function of the masses in the problem of three 
bodies. Read Aug. 30, 1929. American Journal of Mathematics, vol. 51, 
No. 4, pp. 595-598; Oct., 1929. 

Carrns, S. S. The cellular division and approximation of regular spreads. 
Read June 20, 1930. Proceedings of the National Academy of Science, 
vol. 16, No. 7, pp. 488-491; July, 1930. 


Cayori, F. New data on the origin and spread of the dollar mark. Read June 

20, 1929. Scientific Monthly, vol. 29, No. 3, pp. 212-216; Sept., 1929. 

— Generalizations in geometry as seen in the history of developable surfaces. 
Read June 20, 1929. American Mathematical Monthly, vol. 36, No. 8, 
pp. 431-437; Oct., 1929. 

—— Absurdities due to division by zero. An historical note. Read June 20, 
1929. Mathematics Teacher, vol. 22, No. 6, pp. 366-368; Oct., 1929. 
History of determinations of the heights of mountains. Read Oct. 27, 
1928. Isis, vol. 12, No. 3, pp. 482-514; Dec., 1929. 

— Newton’s idea of God in the different editions of the Principia. Read 
Nov. 29, 1929. Open Court, vol. 44, No. 2, pp. 65-72; Feb., 1930. 


CaLuGaAREANO, G. On differential equations admitting polygenic integrals. 
Read Dec. 27, 1929. Transactions of this Society, vol. 32, No. 1, pp. 110- 
113; Jan., 1930. 

Caruitz, L. On Galois fields of certain types. Read April 18, 1930. Transac- 
tions of this Society, vol. 32, No. 3, pp. 451-472; July, 1930. 

CARMICHAEL, R. D. Finite geometries and the theory of groups. Read Dec. 
29, 1925. American Journal of Mathematics, vol. 52, No. 4, pp. 745-788; 
Oct., 1930. 

Concerning quasi-k-fold transitivity of permutation groups. Read Sept. 
11, 1930. This Bulletin, vol. 36, No. 12, pp. 857-862; Dec., 1930. 


CARPENTER, A. F. Note on ruled surfaces and their developables. Read June 
20, 1930. This Bulletin, vol. 36, No. 8, pp. 525-528; Aug., 1930. 
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Couen, L. W. A characterization of those subsets of metric separable space 
which are homeomorphic with subsets of the linear continuum. Read 
April 7, 1928. Fundamenta Mathematicae, vol. 14, pp. 281-303; 1929. 

—— A note on a system of equations with infinitely many unknowns. Read 
Oct. 26, 1929. This Bulletin, vol. 36, No. 8, pp. 563-572; Aug., 1930. 

Cook, A. J. Pairs of rectilinear congruences with generators in one-to-one 
correspondence. Read June 20, 1929. Transactions of this Society, vol. 
32, No. 1, pp. 31-46; Jan., 1930. 

CopeLanp, A. H. Independent event histories. Read Sept. 6, 1928. American 
Journal of Mathematics, vol. 51, No. 4, pp. 612-618; Oct., 1929. 

Court, N. A. See ALTSHILLER-Courrt, N. 

Craic, C. C. The semi-invariants and moments of incomplete normal and 
type III frequency functions. Read Oct. 26, 1929. Annals of Mathematics, 
(2), vol. 32, No. 2, pp. 251-270; May, 1930. 

Craic, H. V. On the solution of the Euler equations for their highest deriva- 
tives. Read Sept. 7, 1928. This Bulletin, vol. 36, No. 8, pp. 558-562; 
Aug., 1930. 


CraMLet, C. M. The invariants of an n-ary q-ic differential form. Read 
March 29, 1929. Annals of Mathematics, (2), vol. 31, No. 1, pp. 134-150; 
Jan., 1930. 


Curry, H. B. Grundlagen der kombinatorischen Logik. Teil I. Read Dec. 
27, 1929. American Journal of Mathematics, vol. 52, No. 3, pp. 509-536; 
July, 1930. 

—— Grundlagen der kombinatorischen Logik. Teil II. Read Dec. 27, 1929. 
American Journal of Mathematics, vol. 52, No. 4, pp. 789-834; Oct., 1930. 


Davigs, G. R. The analysis of frequency distributions. Read Dec. 30, 1929. 
Journal of the American Statistical Association, new ser., vol. 24, No. 168, 
pp. 349-366; Dec., 1929. 


Davis, H. T. Differential equations of infinite order with constant coefficients. 
Read Aug. 29, 1929. American Journal of Mathematics, vol. 52, No. 1, 
pp. 97-108; Jan., 1930. 


Davis, H. T., and LatsHaw, V. V. Formulas for the fitting of polynomials to 
data by the method of least squares. Read Nov. 29, 1929. Annals of 
Mathematics, (2), vol. 31, No. 1, pp. 52-78; Jan., 1930. 


Dickson, L. E. Construction of division algebras. Read Feb. 22, 1930. Trans- 
actions of this Society, vol. 32, No. 2, pp. 319-334; April, 1930. 


Dines, L. L. On linear integral inequalities of first kind. Read Sept. 6, 1928. 
Transactions of the Royal Society of Canada, vol. 23, section III, No. 2, 
pp. 141-146; May, 1929. 

—— Linear inequalities and some related properties of functions. Read Dec. 
31, 1929. This Bulletin, vol. 36, No. 6, pp. 393-405; June, 1930. 


Dopp, E. L. Probability as expressed by asymptotic limits of pencils of 
sequences. Read Aug. 27, 1929. This Bulletin, vol. 36, No. 4, pp. 299-305; 
April, 1930. 
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Dorrou, J. L. Concerning a set of axioms for the semi-quadratic geometry of 
a three-space. Read Sept. 6, 1928. This Bulletin, vol. 36, No. 10, pp. 719- 
721; Oct., 1930. 

Dorwart, H. L., and NEELLEY, J. H. Discussion of a construction of the 
rational plane quintic. Read Dec. 27, 1928. Téhoku Mathematical 
Journal, vol. 32, Nos. 1-2, pp. 86-96; Dec., 1929. 

Dye, L. A. Involutorial transformations in S; of order n with an (n—1)-fold 
line. Read Feb. 22, 1930. Transactions of this Society, vol. 32, No. 2, 
pp. 251-261; April, 1930. 

Ear, J. M. Polynomials of best approximation on an infinite interval. Read 
April 7, 1928. Transactions of this Society, vol. 32, No. 4, pp. 888-904; 
Oct., 1930. 


Epmonson, N. Poisson’s integral and plurisegments on the hypersphere. 
Read Sept. 7, 1928. Annals of Mathematics, (2), vol. 31, No. 1, pp. 13-31; 
Jan., 1930. 

E.perR, J. D. Arithmetized trigonometrical expansions of doubly periodic 
functions of the third kind. Read Nov. 29, 1929. Proceedings of the 
National Academy of Sciences, vol. 15, No. 8, pp. 675-677; Aug., 1929. 


Emcu, A. On the geometry of symmetric functions. Read March 29, 1929. 
Téhoku Mathematical Journa!, vol. 32, Nos. 1-2, pp. 16-26; Dec., 1929. 

—— On algebraic surfaces which are invariant in a certain class of finite 
collineation groups. Read April 18, 1930. This Bulletin, vol. 36, No. 8, 
pp. 547-552; Aug., 1930. 

Encstrom, H. T. On the common index divisors of an algebraic field. Read 
Dec. 27, 1928, and March 30, 1929. Transactions of this Society, vol. 32, 
No. 2, pp. 223-237; April, 1930. 

—— On the generalization of trigonometric identities in arithmetical para- 
phrasing. Read April 5, 1930. This Bulletin, vol. 36, No. 10, pp. 667-672; 
Oct., 1930. 

——- The theorem of Dedekind in the ideal theory of Zolotarev. Read Nov. 
29,1929. Transactions of this Society, vol.32, No.4, pp. 879-887 ; Oct., 1930. 


Evans, G. C., and Smitey, W. G. The first variation of a functional. Read 
Feb. 22, 1930. This Bulletin, vol. 36, No. 6, pp. 427-433; June, 1930. 
FEENBERG, E. A general system of ordinary differential equations of the first 
order. Read Sept. 7, 1928. American Journal of Mathematics, vol. 52, 
No. 3, pp. 635-646; July, 1930. 

FELp, J. M., and Newman, P. On the representation of analytic functions of 
several variables as infinite products. Read Oct. 26, 1929. This Bulletin, 
vol. 36, No. 4, pp. 284-288; April, 1930. 

Féraup, L. On Birkhoff’s Pfaffian systems. Read Sept. 11, 1930. Transactions 
of this Society, vol. 32, No. 4, pp. 817-831; Oct., 1930. 

FisHER, I. The application of mathematics to the social sciences. Read Dec. 
31, 1929. This Bulletin, vol. 36, No. 4, pp. 225-243; April, 1930. 

Fort, T. The general theory of factorial series. Read Oct. 26, 1929. This 
Bulletin, vol. 36, No. 4, pp. 244-258; April, 1930. 
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Foster, M. Theorems on inverted and rotated congruences. Read April 18, 
1930. This Bulletin, vol. 36, No. 8, pp. 587-592; Aug., 1930. 

FRANKLIN, P. The operators of quantum mechanics. Read Oct. 27, 1928. 
Journal of Mathematics and Physics of the Massachusetts Institute of 
Technology, vol. 8, No. 3, pp. 235-245; Oct., 1929. 

—— Dynamical systems with integrals quadratic in the velocities. Read 
Dec. 27, 1929. Journal of Mathematics and Physics of the Massachusetts 
Institute of Technology, vol. 9, No. 4, pp. 333-344; Sept., 1930. 

FRANKLIN, P., and Moore, C. L. E. Systems of linear partial differential equa- 
tions. Read Oct. 26, 1929. Journal of Mathematics and Physics of the 
Massachusetts Institute of Technology, vol. 9, No. 1, pp. 22-46; Feb., 1930. 

Frink, O. The fourth postulates of Riesz and Hausdorff. Read Dec. 27, 1929. 
This Bulletin, vol. 36, No. 4, pp. 281-283; April, 1930. 

GaRVER, R. Transformations on cubic equations. Read Aug. 29, 1929. Ameri- 
can Mathematical Monthly, vol. 36, No. 7, pp. 366-369; Aug.—Sept., 1929. 

—— On the Brioschi normal quintic. Read June 20, 1929. Annals of Mathe- 
matics, (2), vol. 30, No. 4, pp. 607-612; Oct., 1929. 

— On the transformation which leads from the Brioschi quintic to a general 
principal quintic. Read Nov. 29, 1929. This Bulletin, vol. 36, No. 2, 
pp. 115-119; Feb., 1930. 

—— Quartic equations with the alternating group. Read Aug. 29, 1929. 
Téhoku Mathematical Journal, vol. 32, Nos. 3-4, pp. 306-311; June, 1930. 

—— Concerning polynomial functions with certain properties. Read Nov. 29, 
1929. Annals of Mathematics, (2), vol. 31, No. 3, pp. 366-370; July, 1930. 

GEHMAN, H. M. Centers of symmetry in analysis situs. Read Nov. 29, 1929. 
American Journal of Mathematics, vol. 52, No. 3, pp. 543-547; July, 1930. 


GERGEN, J. J. Mapping of a general type of three dimensional region on a 
sphere. Read Feb. 25, 1928. American Journal of Mathematics, vol. 52 
No. 2, pp. 197-224; April, 1930. 

GERGEN, J. J., and MANDELBROJT, S. Sur les fonctions définies par une série 
de Dirichlet. Read Dec. 29, 1926. Comptes Rendus de Il’ Académie des 
Sciences, vol. 189, No. 24, pp. 1057-1059; Dec. 9, 1929. 


Guosu, S. On the solution of the equations of elastic equilibrium suitable for 
elliptic boundaries. Read Feb. 25, 1928. Transactions of this Society, 
vol. 32, No. 1, pp. 47-60; Jan., 1930. 


Gut, B. P. An analogue for algebraic functions of the Thue-Siegel theorem. 
Read March 29, 1929. Annals of Mathematics, (2), vol. 32, No. 2, pp. 
207-218; May, 1930. 


GutespPiE, D. C., and Hurwitz, W. A. On sequences of continuous functions 
having continuous limits. Read Dec. 27, 1929. Transactions of this So- 
ciety, vol. 32, No. 3, pp. 527-543; July, 1930. 

Gour!tn, E. On irreducible polynomials in several variables which become re- 
ducible when the variables are replaced by powers of themselves. Read 
Feb. 23, 1929. Transactions of this Society, vol. 32, No. 3, pp. 485-501; 
July, 1930. 
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GrausTEIn, W. C. A geometrical problem in which order of choice is im- 
portant. Read Sept. 6, 1928. American Mathematical Monthly, vol. 35, 
No. 8, pp. 412-415; Oct., 1928. 

—— Méthodes invariantes dans la géométrie infinitésimale des surfaces. 
Read Dec. 27, 1923. Académie Royale de Belgique, Classe des Sciences, 
Mémoires in 8vo, vol. 11, No. 1, pp. 1-96; 1929. 

—— The linear element of a Riemannian V, in terms of the Christoffel symbols 
of the second kind. Read Dec. 28, 1926. American Journal of Mathe- 
matics, vol. 52, No. 2, pp. 351-356; April, 1930. 

- Invariant methods in classical differential geometry. Read April 18, 1930. 
This Bulletin, vol. 36, No. 8, pp. 489-521; Aug., 1930. 


Graves, L. M. Discontinuous solutions in space problems of the calculus of 
variations. Read Sept. 9, 1927, and April 7, 1928. American Journal of 
Mathematics, vol. 52, No. 1, pp. 1-28; Jan., 1930. 

— Discontinuous solutions in the calculus of variations. Read Nov. 29, 
1929. This Bulletin, vol. 36, No. 12, pp. 831-846; Dec., 1930. 


GrirFitus, L. W. A generalization of the Fermat theorem on polygonal num- 
bers. Read Dec. 31, 1928. Annals of Mathematics, (2), vol. 31, No. 1, 
pp. 1-12; Jan., 1930. 


Groat, B. F. Theory of similarity and models. Read Dec. 27, 1929. Proceed- 
ings of the American Society of Civil Engineers, 1930, p. 1803. 


GronwaL_t, T. H. Zur Gibbschen Erscheinung. Read Feb. 28, 1925, and May 

1, 1926. Annals of Mathematics, (2), vol. 31, No. 2, pp. 233-240; May, 
1930. 
On Minkowski’s mixed volume of three convex solids. Read June 17, 
1920. Annals of Mathematics, (2), vol. 31, No. 3, pp. 470-474; July, 1930. 
A formula in geometrical optics. Read Oct. 26, 1929. Annals of Mathe- 
matics, (2), vol. 31, No. 3, pp. 475-478; July, 1930. 


Grove, V. G. A canonical form of Green’s projective analogue of the Gauss 
differential equations. Read Dec. 31, 1928. Transactions of this Society, 
vol. 32, No. 3, pp. 473-484; July, 1930. 
- On canonical forms of differential equations. Read April 19, 1930. This 
Bulletin, vol. 36, No. 8, pp. 582-586; Aug., 1930. 


Hart, W. L. Limited tri-linear forms in Hilbert space. Read June 20, 1929. 
American Journal of Mathematics, vol. 52, No. 3, pp. 563-570; July, 1930. 


Hazvett, O. C. On division algebras. Read May 2, 1925. Transactions of this 
Society, vol. 32, No. 4, pp. 912-925; Oct., 1930. 


Heprick, E. R. On certain properties of non-analytic functions of a complex 
variable. Read Oct. 29, 1927. Bulletin of the Calcutta Mathematical 
Society, vol. 20, pp. 109-124; 1928. 


Heprick, E.R.,and INGotp, L. Concerning the Michelson-Morley experiment. 
Read Dec. 2, 1922. Astrophysical Journal, vol. 68, No. 5, pp. 374-382; 
Dec., 1928; Contributions from the Mount Wilson Observatory, No. 373, pp. 
34-42, 1928. 
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Hitz, E., and TAMARKIN, J. D. On the theory of linear integral equations. 
I. Read Dec. 27, 1929. Annals of Mathematics, (2), vol. 31, No. 3, pp 
479-528; July, 1930. 

Hott, D. L. Viscous fluid motion in eccentric cylinders. Read Nov. 27, 1926. 
University of Chicago Abstracts of Theses, science series, vol. 4, pp. 15-19; 
1925-26. 

Ho.tcrort, T. R. The lines of an algebraic surface. Read Feb. 25, 1928. 
Messenger of Mathematics, vol. 58, No. 6, pp. 81-88; Oct., 1928. 

—— Invariant postulation. Read Oct. 27, 1928. This Bulletin, vol. 36, No. 6, 
pp. 421-426; June, 1930. 

HorteELLinG, H. The consistency and ultimate distribution of optimum statis- 
tics. Read Dec. 30, 1929. Transactions of this Society, vol. 32, No. 4, 
pp. 847-859; Oct., 1930. 

Hurwiz7z, S. Algebraic first integrals of algebraic differential equations. Read 
March 29, 1929. American Mathematical Monthly, vol. 37, No. 4, pp. 185— 
187; April, 1930. 

Hurwitz, W. A. The oscillation of a sequence. Read Dec. 27, 1929. American 
Journal of Mathematics, vol. 52, No. 3, pp. 611-616; July, 1930. 

—— See GILLEsPIE, D. C. 

INGOLD, L. See HEpRICK, E. R. 

INGRAHAM, M.H. An elementary theorem on matrices. Read Sept. 11, 1930. 
This Bulletin, vol. 36, No. 10, pp. 673-674; Oct., 1930. 

Jackson, D. On certain problems of approximation in the complex domain. 
Read Dec. 29, 1927. This Bulletin, vol. 36, No. 12, pp. 851-857; Dec., 
1930. 

—— The theory of approximation. Read April 11 and Sept. 8-12, 1925. 
American Mathematical Society Colloquium Publications, vol. 11; 1930. 
8+178 pp. 

JarecerR, C. G. A character symbol for primes relative to a cubic field. Read 
Dec. 28, 1927. American Journal of Mathematics, vol. 52, No. 1, pp. 85-96; 
Jan., 1930. 

James, G. Generalizations of Pascal’s and Brianchon’s theorems. Read June 
20, 1929. American Mathematical Monthly, vol. 37, No. 2, pp. 78-80; 
Feb., 1930. 


James, G. O. Euclidean approximations to Einsteinian motion in the solar 
field. Read Nov. 26, 1927. Astronomical Journal, vol. 39, No. 13, pp. 
111-114; May 25, 1929. 

JEFFERY, R. L. The continuity of a function defined by a definite integral. 
Read Dec. 27, 1928. Proceedings of the London Mathematical Society, (2), 
vol. 31, No. 1, pp. 18-22; May 28, 1930. 


JeERBERT, A. R. Quadruples of space curves. Read June 2, 1928. American 
Journal of Mathematics, vol. 52, No. 1, pp. 136-149; Jan., 1930. 


Jones, B. W. Certain quinary forms related to the sum of five squares. Read 
April 5, 1930. This Bulletin, vol. 36, No. 10, pp. 721-734; Oct., 1930. 
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Kapvan, C., and MuRNAGHAN, F. D. On the fundamental constitutive equa- 
tions in electromagnetic theory. Read April 7, 1928. Physical Review, 
vol. 35, No. 7, pp. 763-777; April 1, 1930. 

KELLOGG, O. D., and VasiLesco, F. A contribution to the theory of capacity. 
Read Dec. 27, 1928. American Journal of Mathematics, vol. 51, No. 4, 
pp. 515-526; Oct., 1929. 

KIMBALL, B. F. Geodesics on a toroid. Read Oct. 30, 1926. American Journal 
of Mathematics, vol. 52, No. 1, pp. 29-52; Jan., 1930. 

KNEBELMAN, M. S. Collineations and motions in generalized spaces, Read 
Sept. 6, 1928. American Journal of Mathematics, vol. 51, No. 4, pp. 527- 
564; Oct., 1929. 

—— Content-preserving transformations. Read Dec. 27, 1929. Proceedings 
of the National Academy of Sciences, vol. 16, No. 2, pp. 156-159; Feb., 1930. 

—— On groups of motion in related spaces. Read Sept. 6, 1928. American 
Journal of Mathematics, vol. 52, No. 2, pp. 280—282; April, 1930. 


Kramer, E. Polygenic functions of the dual variable w=u+jv. Read Feb. 23, 
1929. American Journal of Mathematics, vol. 52, No. 2, pp. 370-376; 
April, 1930. 

—— The Laguerre group. Read Feb. 23, 1929. Privately printed, 1930. 15 pp. 
(With preceding paper, forms Columbia University Dissertation.) 

Lamson, K. W. Some differential and algebraic consequences of the Einstein 
field equations. Read Dec. 27, 1923, and Sept. 12, 1930. Transactions of 
this Society, vol. 32, No. 4, pp. 709-722; Oct., 1930. 

_ANE, E. P. Hypergeodesic mapping of a surface on a plane. Read April 18, 
1930. Transactions of this Society, vol. 32, No. 3, pp. 558-568; July, 1930. 

——— Integral surfaces of pairs of partial differential equations of the third 
order. Read Dec. 30, 1929. Transactions of this Society, vol. 32, No. 4, 
pp. 782-793; Oct., 1930. 

_ANGDON, W. L., and Ore, O. Semi-invariants and Sheppard’s correction. 
Read Oct. 26, 1929. Annals of Mathematics, (2), vol. 31, No. 2, pp. 230— 
232: May, 1930. 

-ANGER, R. E. The boundary problem associated with a differential system 
rational in the parameter. Read Sept. 7, 1928. Transactions of this Society, 
vol. 32, No. 2, pp. 238-250; April, 1930. 

-APaz, L. An inverse problem of the calculus of variations for multiple 
integrals. Read Aug. 29, 1929, and Feb. 22, 1930. Transactions of this 
Society, vol. 32, No. 3, pp. 509-519; July, 1930. 

— Problems of the calculus of variations with prescribed transversality 
conditions. Read Aug. 29, 1929. This Bulletin, vol. 36, No. 10, pp. 674- 
680; Oct., 1930. 

_ATIMER, C. G. A generalization of Eisenstein’s canonical cubic and associated 
forms. Read Sept. 6, 1928. American Journal of Mathematics, vol 52, 
No. 1, pp. 127-136; Jan., 1930. 

— On the class number of cubic cyclotomic fields. Read Aug. 29, 1929. 

Annals of Mathematics, (2), vol. 31, No. 3, pp. 347-354; July, 1930. 
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—— On certain identities in theta functions. Read March 30 and Dec. 27, 
1929. Transactions of this Society, vol. 32, No. 4, pp. 832-846; Oct., 1930. 


LatsHAw, V. V. See Davis, H. T. 
LeuM_ER, D.H. On the r-th divisors of a number. Read Oct. 26, 1929. Ameri- 
can Journal of Mathematics, vol. 52, No. 2, pp. 293-304; April, 1930. 
—— An extended theory of Lucas’ functions. Read Oct. 26, 1929. Annals of 
Mathematics, (2),vol. 31, No. 3, pp. 419-448; July, 1930. 

McCoy, N. H. Note on the existence of a positive function orthogonal to a 
given set of functions. Read Sept. 11, 1930. This Bulletin, vol. 36, No. 12, 
pp. 878-882; Dec., 1930. 

McDonneELL, J. New criteria associated with Fermat’s last theorem. Read 
Aug. 29, 1929. This Bulletin, vol. 36, No. 8, pp. 553-558; Aug., 1930. 


Mater, W. Elementary properties of the ¢,-functions. Read April 18, 1930. 
Transactions of this Society, vol. 32, No. 4, pp. 905-911; Oct., 1930. 


MANDELBROJT, S. See GERGEN, J. J. 


ManninG, W. A. The primitive groups of class fourteen. Read May 7, 1927. 
American Journal of Mathematics, vol. 51, No. 4, pp. 619-652; Oct., 1929. 


MarpEN, M. On the zeros of linear partial fractions. Read Dec. 27, 1928. 
Transactions of this Society, vol. 32, No. 1, pp. 81-109; Jan., 1930. 

On the zeros of certain rational functions. Read Dec. 30, 1929. Transac- 
tions of this Society, vol. 32, No. 4, pp. 658-668; Oct., 1930. 


MatHeEwson, L. C. A simple proof of a theorem of Kronecker. Read Feb. 27, 
1926. Journal fir die Reine und Angewandte Mathematik, vol. 161, No. 4, 
p. 255; Dec. 30, 1929. 


Micuat, A. D. The differential geometry of a continuous infinitude of contra- 
variant functional vectors. Read Dec. 30, 1929. Proceedings of the 
National Academy of Sciences, vol. 16, No. 2, pp. 162-164; Feb., 1930. 

—— Projective functional tensors and other allied functionals. Read March 
29, 1929. Proceedings of the National Academy of Sciences, vol. 16,"No!2, 
pp. 165-168; Feb., 1930. 

—— Geodesic coordinates of order r. Read Dec. 30, 1929. This Bulletin, vol. 
36, No. 8, pp. 541-546; Aug., 1930. 


Miter, F. H. An application of the method of parameters to linear partial 
differential equations. Read Oct. 26, 1929. This Bulletin, vol. 36, No. 2, 
pp. 120-126; Feb., 1930. 


MILLER, G. A. Inverse correspondences in automorphisms of abelian groups. 
Read Dec. 30, 1929. This Bulletin, vol. 36, No. 4, pp. 277-281; April, 1930. 


Mine, W. E. The numerical determination of characteristic numbers. Read 
April 5, 1930. Physical Review, (2), vol. 35, No. 7, pp. 863-867; April 1, 
1930. 


Mottina, E. C. The theory of probability: some comments on Laplace's 
Théorie Analytique. Read Feb. 22, 1930. This Bulletin, vol. 36, No. 6, 
pp. 369-392; June, 1930. 


Moorg, C. L. E. Geometry of a complex of curves in a Riemannian space of n 
dimensions. Read Sept. 6, 1928. Journal of Mathematics and Physics of the 
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Massachusetts Institute of Technology, vol. 8, No. 4, pp. 247-265; Dec., 
1929. 
— See FRANKLIN, P. 

Moore, C. N. On Gibbs’s phenomenon for the developments in Bessel’s func- 
tions. Read April 7, 1928, and Nov. 30, 1929. Transactions of this Society, 
vol. 32, No. 3, pp. 409-416; July, 1929. 

“Moore, T. W. On the resultant of two binary forms. Read March 30, 1929. 
Annals of Mathematics, (2), vol. 31, No. 2, pp. 185-189; May, 1930. 

Morse, M. Closed extremals. Read Dec. 27, 1929. Proceedings of the National 
Academy of Sciences, vol. 15, No. 11, pp. 856-859; Nov., 1929. 

A generalization of the Sturm separation and comparison theorems in 
n-space. Read Dec. 27, 1928. Mathematische Annalen, vol. 103, No. 1, 
pp. 52-69; March, 1930. 

The foundations of a theory of the calculus of variations in the large in 
m-space (second paper). Read April 6, 1928. Transactions of this Society, 
vol. 32, No. 4, pp. 599-631; Oct., 1930. 

MvucKenuoupt, C. F. Vibrating systems and almost periodic functions. Read 
Dec. 27, 1928. Journal of Mathematics and Physics of the Massachusetts 
Institute of Technoloy, vol. 8, No. 3, pp. 163-199; Oct., 1929. 

MuRNAGHAN, F. D. Maxwell’s theory of the layer dielectric. Read May 1, 
1926. Journal of the American Institute of Electrical Engineers, vol. 46, 
No. 2, pp. 132-139; Feb., 1927. 

- See Kaptan, C. 

NEELLEY, J. H. Notes on the rational plane oscnodal quartic curve. Read 
Dec. 27, 1929. This Bulletin, vol. 36, No. 4, pp. 269-273; April, 1930. 

- See Dorwart H. L. 

NEWMAN, P. See FELp, J. M. 

Now an, F.S. On the direct product of a division and a total matric algebra. 
Read June 18, 1927. This Bulletin, vol. 36, No. 4, pp. 265-268; April, 1930. 

Oak.ey, C. O. Differential equations containing absolute values of derivatives. 
Read Dec. 27, 1929. American Journal of Mathematics, vol. 52, No. 3, 
pp. 659-672; July, 1930. 

Orson, H. L. Doubly divisible quaternions. Read Aug. 30, 1929. Annals of 
Mathematics, (2), vol. 31, No. 3, pp. 371-374; July, 1930. 

Ore, O. Abriss einer arithmetischen Theorie der Galoisschen Kérper. (Zweite 

Mitteilung.) Read April 7 and Dec. 27, 1928. Mathematische Annalen, 
vol. 102, No. 2, pp. 283-304; Oct., 1929. 
- Sur les fonctions hypergéométriques de plusieurs variables. Read Feb. 22, 
1930. Comptes Rendus de I’ Académie des Sciences, vol. 189, No. 27, 
pp. 1238-1240; Dec. 30, 1929. 

Einige Untersuchungen iiber endliche Kérper. Read Dec. 27, 1929. 
Comptes Rendus du septiéme Congrés des Mathématiciens Scandinaves tenu 
a Oslo 19-22 Ao#tit 1929, pp. 65-67; Oslo, 1930. 

See Lanopon, W. L. 

Patt, G. On the number of representations of a square, or a constant times a 
square, as the sum of an odd number of squares. Read Nov. 29, 1929. 
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Journal of the London Mathematical Society, vol. 5, No. 2, pp. 102-105; 
April, 1930. 

PEEK, R. L. On the solution of certain cases of the general equation of diffu- 
sion. Read Dec. 27, 1929. Physical Review, (2), vol. 35, No. 5, pp. 554- 
561; March 1, 1930. 


Pierce, T. A. On an algorithm and {its use in approximating roots of algebraic 
equations. Read June 21, 1929. American Mathematical Monthly, vol. 36, 
No. 10, pp. 523-525; Dec., 1929. 

—— Matrices whose characteristic equations are cyclic. Read Dec. 30, 1929. 
This Bulletin, vol. 36, No. 4, pp. 262-264; April, 1930. 

PierPont, J. Non-euclidean geometry, a retrospect. Read June 20, 1929, 
This Bulletin, vol. 36, No. 2, pp. 66-76; Feb., 1930. 

Pixtey, H. H. Discontinuous solutions in the problem of depreciation and 
replacement. Read April 6, 1928. American Journal of Mathematics, 
vol. 52, No. 4, pp. 851-862; Oct., 1930. 

Poor, V. C. Residues of polygenic functions. Read Nov. 30, 1979. Transac- 
tions of this Society, vol. 32, No. 2, pp. 216-222; April, 1930. 

Poritsky, H. On certain polynomial and other approximations to analytic 
functions. Read Aug. 29, 1929. Proceedings of the National Academy of 
Sciences, vol. 16, No. 1, pp. 83-85; Jan., 1930. 

Post, E. L. Generalized differentiation. Read Oct. 27, 1923. Transactions of 
this Society, vol. 32, No. 4, pp. 723-781; Oct., 1930. 


Prasap, G. On the nature of @ in the mean-value theorem of the differential 
calculus. Read Feb. 25, 1928. This Bulletin, vol. 36, No. 4, pp. 289-291; 
April, 1930. 

Putnam, R. G. Note on separability. Read Sept. 6, 1928. This Bulletin, vol. 
36, No. 2, pp. 127-129; Feb., 1930. 

—— Note on the equivalence of certain properties of abstract sets. Read Dec. 
27, 1929. This Bulletin, vol. 36, No. 10, pp. 653-654; Oct., 1930. 


Rarnicu, G. Y. On a decomposition of a quaternary quadratic form. Read 
Aug. 27, 1929. This Bulletin, vol. 36, No. 2, pp. 107-111; Feb., 1930. 


Raw es, T. H. On the inverse problem in the calculus of variations. Read 
Feb. 23, 1929. American Journal of Mathematics, vol. 52, No. 1, pp. 72-74; 
Jan., 1930. 


Rep, W. T. Properties of solutions of an infinite system of ordinary linear 
differential equations of the first order with auxiliary boundary conditions. 
Read Dec. 1, 1928, and March 29, 1929. Transactions of this Society, 
vol. 32, No. 2, pp. 284~318; April, 1930. 


Riper, P. R. On the distribution of the ratio of mean to standard deviation in 
small samples from non-normal universes. Read March 30, 1929. Bio- 
metrika, section A, vol. 21, parts 1-4, pp. 124-143; Dec., 1929. 


Ritt, J. F. Ona certain ring of functions of two variables. Read Oct. 26, 
1929. Transactions of this Society, vol. 32, No. 2, pp. 155-170; April, 1930. 
—— Manifolds of functions determined by systems of algebraic differential 
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equations. Read April 18, 1930. Transactions of this Society, vol. 32, No. 4, 
pp. 569-598; Oct., 1930. 

Roserts, J. H. Ona problem of C. Kuratowski concerning upper semi-con- 

tinuous collections. Read Dec. 27, 1928. Fundamenta Mathematicae, 

vol. 14, pp. 96-102; 1929. 

On a problem of Menger concerning regular curves. Read June 21, 1929. 

Fundamenta Mathematicae, vol. 14, pp. 327-333; 1929. 

—— Concerning non-dense plane continua. Read Dec. 28, 1927, and Dec. 27, 
1928. Transactions of this Society, vol. 32, No. 1, pp. 6-30; Jan., 1930. 
— Concerning collections of continua not all bounded. Read June 21, 1929. 

American Journal of Mathematics, vol. 52, No. 3, pp. 551-562; July, 1930. 

—— A note concerning cactoids. Read Apri! 18, 1930. This Bulletin, vol. 36, 
No. 12, pp. 894-896; Dec., 1930. 

—— Concerning atriodic continua. Read April 6, 1928. Monatshefte fir 
Mathematik und Physik, vol. 37, No. 2, pp. 223-230; 1930. 

Rosison, G. M. Summability of infinite products. Read Dec. 28, 1927. 
American Journal of Mathematics, vol. 51, No. 4, pp. 653-660; Oct., 1929. 

ROsINGER, K. E. Concerning the symbols ¢x and gx. Read Dec. 31, 1928, 
Annals of Mathematics, (2), vol. 31, No. 2, pp. 181-184; May, 1930. 

Rotu, W. E. On the unilateral equation in matrices. Read Aug. 29, 1929. 
Transactions of this Society, vol. 32, No. 1, pp. 61-80; Jan., 1930. 

RUTLEDGE, G. A necessary and sufficient condition for convergence of a 
sequence of Lagrange polynomials. Read Feb. 22, 1930. Journal of Mathe- 
matics and Physics of the Massachusetts Institute of Technology, vol. 9, 
No. 4, pp. 261-277; Sept., 1930. 

ScuuLtz, H. The standard error of a forecast from a curve. Read Dec. 30, 
1929. Journal of the American Statistical Association, vol. 25, No. 170, 
pp. 139-185; June, 1930. 

Scuwatt, I. J. Expressions for the Euler numbers obtained by expanding sec x 
by means of Maclaurins theorem. Read Dec. 29, 1920. Mathematische 
Zeitschrift, vol. 31, No. 1, pp. 151-158; Nov., 1929. 

—— Methods for the summation of certain families of series. Read Oct. 31, 
1925. Monatshefte fair Mathematik und Physik, vol. 37, No. 2, pp. 231- 
240; 1930. 

SEELy, C. E. Note on kernels of positive type. Read March 30, 1929. Annals 
of Mathematics, (2), vol. 31, No. 1, pp. 32-34; Jan., 1930. 

SHARPE, F. R. Plane involutions of order three or four. Read Dec. 27, 1929. 
American Journal of Mathematics, vol. 52, No. 2, pp. 397-398; April, 1930. 

SHouat, J. A. (CHOKHATE, J.). On the polynomial and trigonometric approxi- 
mation of measurable bounded functions on a finite interval. Read Nov. 
30, 1928. Mathematische Annalen, vol. 102, No. 1, pp. 157-175; July, 1929. 

—— Sur les intégrales de Stieltjes. Read Dec. 27, 1929. Comptes Rendus de 
l’ Académie des Sciences, vol. 189, No. 17, pp. 618-620; Oct. 21, 1929. 

—— Sur le polynome de Tchebycheff de la meilleure approximation. Read 
Dec. 27, 1929. Comptes Rendus del’ Académie des Sciences, vol. 189, No. 21, 
pp. 829-831; Nov. 18, 1929. 

—— Inequalities for moments of frequency functions and for various statistical 
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constants. Read Dec. 27, 1929. Biometrika, section B, vol. 21, Nos. 1-4, 
pp. 361-370; Dec., 1929. 

Smimons, H. A. On the limit of the ratio of an arc to its chord. Read Sept. 7, 
1928. American Mathematical Monthly, vol. 36, No. 7, pp. 382-384; 
Aug.-Sept., 1929. 

—— Maximum numbers associated with the diophantine equation > (1/x:x2 
+++ Xn1)=b/[(m+1)b—1]. Read Aug. 29, 1929. American Mathematical 
Monthly, vol. 37, No. 3, pp. 137-142; March, 1930. 

Sisam, C. H. On varieties of three dimensions with six right lines through each 
point. Read Aug. 27, 1929. American Journal of Mathematics, vol. 52, 
No. 3, pp. 607-610; July, 1930. 

Smart, L. L. A simplified derivation of the fundamental properties of double 
sequences. Read Dec. 28, 1926. Messenger of Mathematics, vol. 58, Nos. 7 
and 8, pp. 106-112, 113-115; Nov. and Dec., 1928. 

SmiLtey, W. G. See Evans, G. C. 

Smitn, C. D. On generalized Tchebycheff inequalities in mathematical statis- 
tics. Read April 6, 1928. American Journal of Mathematics, vol. 52, No. 1, 
pp. 109-126; Jan., 1930. 

Situ, R. G., and StouFFer, E. B. Derivation of certain relations involving 
sums of determinants. Read April 2, 1926. University of Kansas Science 
Bulletin, vol. 19, No. 1, pp. 5-15; Nov., 1929. 

SNYDER, V. The simplest involutorial transformation contained multiply in a 
line complex. Read April 6, 1928. This Bulletin, vol. 36, No. 2, pp. 89-93; 
Feb., 1930. 

— On an involutorial transformation found by Montesano. Read Dec. 27, 
1929. Annals of Mathematics, (2), vol. 31, No. 3, pp. 335-343; July, 1930. 

STAFFORD, E. T., and VANDIVER, H.S. Determination of some properly irregu- 
lar cyclotomic fields. Read Dec. 27, 1928. Proceedings of the National 
Academy of Sciences, vol. 16, No. 2, pp. 139-149; Feb., 1930. 

STARCHER, G. W. A solution of a simple functional equation as a basis for 
readily obtaining certain fundamental formulas in the theory of elliptic 
functions. Read April 18, 1930. This Bulletin, vol. 36, No. 8, pp. 577-581; 
Aug., 1930. 

Stone, M. H. Linear transformations in Hilbert space. III. Operational 
methods and group theory. Read Dec. 27, 1928. Proceedings of the 
National Academy of Sciences, vol. 16, No. 2, pp. 172-175; Feb., 1930. 

StouFFER, E. B. See Situ, R. G. 

Struik, D. J. Correlation and group theory. Read Sept. 6, 1928. This 
Bulletin, vol. 36, No. 12, pp. 869-878; Dec., 1930. 

SwINGLE, P. M. Generalized indecomposable continua. Read Oct. 26, 1929. 
American Journal of Mathematics, vol. 52, No. 3, pp. 647-658; July, 1930. 

TAMARKIN, J. D. A lemma of the theory of linear differential systems. Read 
Oct. 26, 1929. This Bulletin, vol. 36, No. 2, pp. 99-102; Feb., 1930. 

—— The notion of Green’s function in the theory of integro-differential 
equations, II. Read Dec. 28, 1926. Transactions of this Society, vol. 32, 
No. 4, pp. 860-868; Oct., 1930, 
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—— See Hitz, E. 

Ture_mMan, H. P. On new integral addition theorems for Bessel functions. 
Read March 29, 1929. Proceedings of the National Academy of Sciences, 
vol. 15, No. 9, pp. 731-733; Sept., 1929. 
On new integral addition theorems for Bessel functions and series of 
the hypergeometric type. Read March 29, 1929. Annals of Mathematics, 
(2), vol. 31, No. 2, pp. 193-206; May, 1930. 

Tuompson, L. T. E. Ballistic engineering problems: empirical summaries. 
Read Dec. 27, 1928. United States Naval Institute Proceeedings, vol. 56, 
No. 327, pp. 411-418; May, 1930. 

Tryitzinsky, W. J. On quasi-analytic functions. Read June 18, 1927, and 
April 7 and Dec. 27, 1928. Amnals of Mathematics, (2), vol. 30, No. 4, 
pp. 526-546; Oct., 1929. 

—— On composition of singularities. Read March 29, 1929. Transactions of 
this Society, vol. 32, No. 2, pp. 196-215; April, 1930. 


Uspensky, J. V. On the reduction of the indefinite binary quadratic forms. 
Read April 5, 1930. This Bulletin, vol. 36, No. 10, pp. 710-718; Oct., 1930. 


VaANDIVER, H. S. Summary of results and proofs on Fermat’s last theorem 
(fourth paper). Read Aug. 29, 1929. Proceedings of the National 
Academy of Sciences, vol. 15, No. 2, pp. 108-109; Feb., 1929. 

-On the first case of Fermat’s last theorem. Read March 30, 1929. 
Annals of Mathematics, (2), vol. 30, No. 4, pp. 552-558; Oct., 1929. 

——- An algorithm for transforming the Kummer criteria in connection with 
Fermat's last theorem. Read March 30, 1929. Annals of Mathematics, (2), 
vol. 30, No. 4, pp. 559-577; Oct., 1929. 

—— Anew theory of the representation of integers as definite quadratic forms. 
Read Sept. 11, 1925. Annals of Mathematics, (2), vol. 31, No. 1, pp. 117- 
122; Jan., 1930. 

—— Some properties of a certain system of independent units in a cyclotomic 
field. Read Aug. 29, 1929. Annals of Mathematics, (2), vol. 31, No. 1, 
pp. 123-125; Jan., 1930. 

—— On power characters of singular integers in a properly irregular cyclotomic 
field. Read Aug. 29, 1929. Transactions of this Society, vol. 32, No. 3, 
pp. 391-408; July, 1930. 

—— See STAFFORD, E. T. 


VasILesco, F. See KELtoae, O. D. 


Watsu, J. L. Boundary values of an analytic function and the Tchebycheff 
method of approximation. Read March 30, 1929. Proceedings of the 
National Academy of Sciences, vol. 15, No. 10, pp. 799-802; Oct., 1929. 

- On the overconvergence of sequences of polynomials of best approxima- 
tion. Read Feb. 22, 1930. Proceedings of the National Academy of Sciences, 
vol. 16, No. 4, p. 297; April, 1930. 
- Boundary values of an analytic function and the Tchebycheff method of 
approximation. Read March 30, 1929. Transactions of this Society, vol. 32, 
No. 3, pp. 335-390; July, 1930. 

—— On the overconvergence of sequences of polynomials of best approxima- 
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tion. Read Feb. 22, 1930. Transactions of this Society, vol. 32, No. 4, 
pp. 794-816; Oct., 1930. 

Warp, L. E. Series associated with certain irregular third-order boundary 
value problems. Read April 7, 1928, and March 29 and Aug. 29, 1929. 
Transactions of this Society, vol. 32, No. 3, pp. 544-557; July, 1930. 


Warp, M. Postulates for the inverse operations in a group. Read April 5, 
1930. Transactions of this Society, vol. 32, No. 3, pp. 520-526; July, 1930. 


Wear, L. E. On an extension of the idea of line and surface integrals. Read 
Oct. 30, 1926. Téhoku Mathematical Journal, vol. 32, Nos. 3-4, pp. 286- 
291; June, 1930. 


Weiss, M. J. On groups defined by A?=1, B1AB=A?, B2=A*. Read Dec- 
30, 1929. Proceedings of the National Academy of Sciences, vol. 15, No. 12, 
pp. 903-905; Dec., 1929. 
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1930. 
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